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Path integral representation for Wilson loops and the non-Abelian Stokes theorem

M. Faber,* A. N. Ivanov,† N. I. Troitskaya,‡ and M. Zach§

Institut für Kernphysik, Technische Universita¨t Wien, Wiedner Hauptstr. 8-10, A-1040 Vienna, Austria
~Received 8 July 1999; revised manuscript received 3 November 1999; published 26 June 2000!

We discuss the derivation of the path integral representation over gauge degrees of freedom for Wilson loops
in SU(N) gauge theory and 4-dimensional Euclidean space-time by using well-known properties of group
characters. A discretized form of the path integral is naturally provided by the properties of group characters
and does not need any artificial regularization. We show that the path integral over gauge degrees of freedom
for Wilson loops derived by Diakonov and Petrov@Phys. Lett. B224 131 ~1989!# by using a special regular-
ization is erroneous and predicts zero for the Wilson loop. This property is obtained by direct evaluation of
path integrals for Wilson loops defined for pureSU(2) gauge fields andZ(2) center vortices with spatial
azimuthal symmetry. Further we show that both derivations given by Diakonov and Petrov for their regularized
path integral, if done correctly, predict also zero for Wilson loops. Therefore, the application of their path
integral representation of Wilson loops cannot givea new way to check confinement in latticeas has been
declared by Diakonov and Petrov@Phys. Lett. B242425 ~1990!#. From the path integral representation which
we consider we conclude that no new non-Abelian Stokes theorem can exist for Wilson loops except the
old-fashioned one derived by means of the path-ordering procedure.

PACS number~s!: 12.38.Aw, 12.90.1b
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I. INTRODUCTION

The hypothesis of quark confinement, bridging the h
pothesis of the existence of quarks and the failure of
detection of quarks as isolated objects, is a challenge
QCD. As a criterion of color confinement in QCD, Wilso
@1# suggested to consider the average value of an opera

W~C!5
1

N
tr PC ei g rCdxm Am(x)5

1

N
tr U~Cxx!, ~1!

defined on an closed loopC, whereAm(x)5ta Am
a (x) is a

gauge field,ta (a51, . . . ,N221) are the generators of th
SU(N) gauge group in fundamental representation norm
ized by the condition tr (tatb)5dab/2, g is the gauge cou-
pling constant andPC is the operator ordering color matrice
along the pathC. The trace in Eq.~1! is computed over color
indices. The operator

U~Cyx!5PCyx
ei g *Cyx

dzm Am(z), ~2!

makes a parallel transport along the pathCyx from x to y. For
Wilson loops the contorC defines a closed pathCxx . For
determinations of the parallel transport operatorU(Cyx) the
action of the path-ordering operatorPCyx

is defined by the
following limiting procedure@2#:
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U~Cyx!5PCxy
ei g *Cyx

dzm Am(z)

5 lim
n→`

)
k51

n

U~Cxkxk21
!

5 lim
n→`

U~Cyxn21
! . . . U~Cx2x1

! U~Cx1x!

5 lim
n→`

)
k51

n

ei g (xk2xk21)•A(xk21), ~3!

where Cxkxk21
is an infinitesimal segment of the pathCyx

with x05x and xn5y. The parallel transport operato
U(Cxkxk21

) for an infinitesimal segmentCxkxk21
is defined

by @2#

U~Cxkxk21
!5ei g *Cxkxk21

dzm Am(z)5ei g (xk2xk21)•A(xk21).
~4!

In accordance with the definition of the path-ordering pro
dure~3! the parallel transport operatorU(Cyx) has the prop-
erty

U~Cyx!5U~Cyx1
! U~Cx1x!, ~5!

wherex1 belongs to the pathCyx . Under gauge transforma
tions with a gauge functionV(z),

Am~z!→Am
V~z!5V~z!Am~z!V†~z!1

1

ig
]mV~z!V†~z!,

~6!

the operatorU(Cyx) has a very simple transformation law
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U~Cyx!→UV~Cyx!5V~y! U~Cyx! V†~x!. ~7!

We would like to stress that this equation is valid even if t
gauge functionsV(x) and V(y) differ significantly for ad-
jacent pointsx andy.

As has been postulated by Wilson@1# the average value o
the Wilson loop^W(C)& in the confinement regime shoul
show area-law falloff@1#:

^W~C!&;e2s A, ~8!

wheres andA are the string tension and the minimal area
the loop, respectively. As usually the minimal area is a re
angle of sizeL3T. In this case the exponentsA can be
represented in the equivalent forms A5V(L) T, where
V(L)5sL is the interquark potential andL is the relative
distance between quark and anti-quark.

The paper is organized as follows. In Sec. II we disc
the path integral representation for Wilson loops by us
well-known properties of group characters. The discretiz
form of this path integral is naturally provided by properti
of group characters and does not need any artificial regu
ization. We derive a closed expression for Wilson loops
irreducible representationj of SU(2). In Sec. III we extend
the path integral representation to the gauge groupSU(N).
As an example, we give an explicit representation for Wils
loops in the fundamental representation ofSU(3). In Secs.
IV and V we evaluate the path integral for Wilson loop
suggested in Ref.@3#, for two specific gauge field configura
tions ~i! a pure gauge field in the fundamental representa
of SU(2) and~ii ! Z(2) center vortices with spatial azimuth
symmetry, respectively. We show that this path integral r
resentation fails to describe the original Wilson loop for bo
cases. In Sec. VI we show that the regularized evolut
operator in Ref.@3# representing Wilson loops in the form o
the path integral over gauge degrees of freedom has b
evaluated incorrectly by Diakonov and Petrov. The corr
value for the evolution operator is zero. This result agr
with those obtained in Secs. IV and V. In Sec. VII we cri
cize the removal of the oscillating factor from the evoluti
operator suggested in Ref.@3# via a shift of energy levels o
the axial-symmetric top. We show that such a remova
prohibited. It leads to a change of symmetry of the start
system fromSU(2) to U(2). Keeping the oscillating facto
one gets a vanishing value of Wilson loops in agreem
with our results in Secs. IV, V, and VI. In the Appendix w
evaluate the coefficients of the expansion used for the p
integrals in Secs. IV and V.

II. PATH INTEGRAL REPRESENTATION
FOR WILSON LOOPS

Attempts to derive a path integral representation for W
son loops~1!, where the path ordering operator is replac
02501
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by a path integral, have been undertaken in Refs.@3–5#. The
path integral representations have been derived for Wil
loops in terms of gauge degrees of freedom~bosonic vari-
ables! @3,4# and fermionic degrees of freedom~Grassmann
variables! @5#. For the derivation of the quoted path integr
representations for Wilson loop different mathematical m
chineries have been used. Below we discuss the derivatio
the path integral representation for Wilson loops in terms
gauge degrees of freedom by using well-known propertie
group characters. In this case a discretized form of path
tegrals is naturally provided by the properties of group ch
acters and the completeness condition of gauge function
coincides with the standard discretization of Feynman p
integrals@6# and does not need any artificial regularizatio

We argue that the path integral representation for Wils
loops suggested by Diakonov and Petrov in Ref.@3# is erro-
neous. For the derivation of this path integral representa
Diakonov and Petrov have used a special regulariza
drawing an analogy with an axial-symmetric top. The m
ments of inertia of this top are taken finally to zero. As w
show below this path integral amounts to zero for Wils
loops defined forSU(2). Therefore, it is not a surprise tha
the application of this erroneous path integral representa
to the evaluation of the average value of Wilson loops h
led to the conclusion that for large loops the area-law fall
is present for color charges taken in any irreducible rep
sentationr of SU(N) @7#. This statement has not been su
ported by numerical simulations within lattice QCD@8#. As
has been verified, e.g. in Ref.@8# for SU(3), in theconfined
phase and at large distances, color charges with non-
N-ality have string tensions of the corresponding fundam
tal representation, whereas color charges with zeroN-ality
are screened by gluons and cannot form a string at la
distances. Hence, the results obtained in Ref.@6# cannot give
a new way to check confinement in latticeas has been de
clared by Diakonov and Petrov.

For the derivation of Wilson loops in the form of a pa
integral over gauge degrees of freedom by using well-kno
properties of group characters it is convenient to repres
W(C) in terms of characters of irreducible representations
SU(N) @9–11#

Wr~C!5
1

dr
x@Ur~Cxx!#, ~9!

where the matrix Ur(Cxx) realizes an irreducible and
dr-dimensional matrix representationr of the groupSU(N)
with the characterx@Ur(Cxx)#5tr@Ur(Cxx)#.

In order to introduce the path integral over gauge degr
of freedom we suggest to use

E DV rx@UrV r
†# x@V rVr #5

1

dr
x@UrVr #, ~10!

where the matricesUr andVr belong to the irreducible rep
resentationr, and DV r is the Haar measure normalized
unity *DV r51. The completeness condition for gauge fun
tions V r reads
9-2
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E DV r~V r
†!a1b1

~V r !a2b2
5

1

dr
da1b2

db1a2
. ~11!

By using the completeness condition it is convenient to r
resent the Wilson loop in the form of the integral

Wr~C!5
1

dr
E DV r~x!x@V r~x!Ur~Cxx!V r

†~x!#. ~12!

According to Eq.~3! and Eq.~5! the matrixUr(Cxx) can be
decomposed in

Ur~Cxx!5 lim
n→`

Ur~Cxxn21
!Ur~Cxn21xn22

! . . . Ur~Cx2x1
!

3Ur~Cx1x!. ~13!

Substituting Eq.~13! in Eq. ~12! and applying (n21) –times
Eq. ~10! we end up with

Wr~C!5
1

dr
2

lim
n→`

E . . . E DV r~x1! . . . V r~xn!

3drx@V r~xn!Ur~Cxnxn21
!V r

†~xn21!# . . . drx

3@V r~x1!Ur~Cx1xn
!V r

†~xn!#. ~14!

Using relationsV r(xk)Ur(Cxkxk21
)V r

†(xk21)5Ur
V(Cxkxk21

)
we get

Wr~C!5
1

dr
2

lim
n→`

E . . . E DV r~x1! . . . DV r~xn!

3drx@Ur
V~Cxnxn21

!# . . . drx@Ur
V~Cx1xn

!#.

~15!

The integrations overV r(xk) (k51, . . . ,n) are well de-
fined. These are standard integrations on the compact
groupSU(N).

We should emphasize that the integrations overV r(xk)
(k51, . . . ,n) are not correlated and should be carried o
independently.

Since Eq.~11! is the completeness condition for grou
elements, the discretization of Wilson loops given by E
~14! and~15! reproduces the standard discretization of Fe
man path integrals@6# where infinitesimal time steps can b
described by a classical motion. Therefore, the discreti
expression~15! can be represented formally by

Wr~C!5
1

dr
2E )

xPC
@dr DV r~x!# x@Ur

V~Cxx!#. ~16!

Conversely the evaluation of this path integral correspo
to the discretization given by Eqs.~14! and ~15!. The mea-
sure of the integration overV r(x) is well defined and nor-
malized to unity
02501
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E )
xPC

DV r~x!5 lim
n→`

E DV r~xn!

3E DV r~xn21! . . . E DV r~x1!

51. ~17!

Thus, for the determination of the path integral over gau
degrees of freedom~16! we do not need to use any regula
ization, since the discretization given by Eqs.~14! and ~15!
are well defined.

We would like to emphasize that Eq.~16! is a continuum
analogy of the lattice version of the path integral over gau
degrees of freedom for Wilson loops used in Eq.~2.13! of
Ref. @11# for the evaluation of the average value of Wilso
loops in connection withZ(2) center vortices.

Now let us proceed to the evaluation of the charact
x@Ur

V(Cxkxk21
)#. Due to the infinitesimality of the segmen

Cxkxk21
we can omit the path ordering operator in the de

nition of Ur
V(Cxkxk21

) @2#. This allows us to evaluate th

characterx@Ur
V(Cxkxk21

)# with Ur
V(Cxkxk21

) taken in the
form @2#

Ur
V~Cxkxk21

!5expigE
Cxkxk21

dxmAm
V~x!. ~18!

Of course, the relation given by Eq.~18! is only defined in
the sense of a meanvalue over an infinitesimal segm
Cxkxk21

. Therefore, it can be regarded to some extent a
smoothness condition. Unlike the smoothness condition u
by Diakonov and Petrov@3# Eq. ~18! does not corrupt the
Wilson loop represented by the path integral over the ga
degrees of freedom.

The evaluation of the characters ofUr
V(Cxkxk21

) given by
Eq. ~18! runs as follows. First let us consider the simple
case, the SU(2) gauge group, where we haver 5 j
50,1/2,1, . . . and dj52 j 11. The character
x@U j

V(Cxkxk21
)# is equal to@9,10,12#

x@U j
V~Cxkxk21

!#5 (
mj 52 j

j

^mj uU j
V~Cxkxk21

!umj&

5 (
mj 52 j

j

ei mj F[Cxkxk21
;AV] , ~19!

wheremj is the magnetic color quantum number,umj& and
mj F@Cxkxk21

;AV# are the eigenstates and eigenvalues of
operator

F̂@Cxkxk21
;AV#5gE

Cxkxk21

dxmAm
V~x!, ~20!

i.e. F̂@Cxkxk21
;AV# umj& 5 mj F@Cxkxk21

;AV# umj&. The
standard procedure for the evaluation of the eigenval
givesF@Cxkxk21

;AV# in the form
9-3
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F@Cxkxk21
;AV#5gE

Cxkxk21

Agmn@AV#~x!dxmdxn, ~21!

where the metric tensor can be given formally by the expr
sion

gmn@AV#~x!52 tr@Am
VAn

V#~x!. ~22!

In order to find an explicit expression for the metric tens
we should fix a gauge. As an example let us take the Fo
Schwinger gauge

xmAm~x!50. ~23!

In this case the gauge fieldAm(x) can be expressed in term
of the field strength tensorGmn(x) as follows:

Am~x!5E
0

1

ds s xa Gam~xs!. ~24!

This can be proven by using the obvious relation

xaGam~x!5xa]aAm~x!2xa]mAa~x!2 ig@xaAa~x!,Am~x!#

5Am~x!1xa

]

]xa
Am~x!, ~25!

valid for the Fock-Schwinger gaugexaAa(x)50. Replacing
x→xs we can represent the right-hand side~RHS! of Eq.
~25! as a total derivative with respect tos

sxaGam~xs!5Am~xs!1xa

]

]xa
Am~xs!5

d

ds
@sAm~xs!#.

~26!
02501
s-
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k-

Integrating outsP@0,1# we arrive at Eq.~24!.
Using Eq.~24! we obtain the metric tensorgmn@AV#(x) in

the form

gmn@AV#~x!52xaxbE
0

1E
0

1

dsds8ss8tr@Gam
V ~xs!Gbn

V ~xs8 !#

52xaxbE
0

1E
0

1

dsds8ss8tr@V~xs!Gam~xs!

3V†~xs!V~xs8 !Gbn~xs8 !V†~xs8 !#. ~27!

For the derivation of Eq.~27! we define the operato
F@Cxkxk21

;AV# of Eq. ~20! following the definition of the

phase of the parallel transport operatorU(Cxkxk21
) given by

Eq. ~4! @2#

F̂@Cxkxk21
;AV#5gE

Cxkxk21

dxmAm
V~x!

5~xk2xk21!mAm
V~xk21!

5~xk2xk21!mE
0

1

dss xk21
a Gam

V ~xk21s!.

~28!

The parameters is to some extent an order parameter dist
guishing the gauge functionsV(xk) and V(xk21) entering
the relationV(xk)U(Cxkxk21

)V†(xk21)5UV(Cxkxk21
).

Substituting Eq.~19! in Eq. ~15! we arrive at the expres
sion for Wilson loops defined forSU(2)
Wj~C!5
1

~2 j 11!2
lim
n→`

E DV j~xn! ~2 j 11! (
mj

(n)
52 j

j

ei g mj
(n)*Cx1xnAgmn[AV](x) dxmdxn

3E DV j~xn21! ~2 j 11! (
mj

(n21)
52 j

j

ei g mj
(n21)*Cxnxn21Agmn[AV](x) dxmdxn

A

3E DV j~x1! ~2 j 11! (
mj

(1)
52 j

j

ei g mj
(1)*Cx2x1Agmn[AV](x) dxmdxn. ~29!

The magnetic quantum numbermj
(k) (k51, . . . ,n) belongs to the infinitesimal segmentCxk11xk

, whereCxn11xn
5Cx1xn

.
In compact form Eq.~29! can be written as a path integral over gauge functions

Wj~C!5
1

~2 j 11!2E )
xPC

DV j~x! (
$mj (x)%

~2 j 11! eigrCmj (x) Agmn[AV](x) dxmdxn. ~30!

The integrals along the infinitesimal segmentsCxkxk21
we determine as@2#
9-4
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E
Cxkxk21

mj~x! Agmn@AV#~x! dxmdxn5mj~xk21! Agmn@AV#~xk21! Dxm Dxn5mj
(k21)Agmn@AV#~xk21! Dxm Dxn, ~31!
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Comparing the path integral~30! with that suggested in

Eq. ~23! of Ref. @3# one finds rather strong disagreeme
First, this concerns the contribution of different statesmj of
the representationj. In the case of the path integral~30! there
is a summation over all values of the magnetic color qu
tum numbermj , whereas the representation of Ref.@3# con-
tains only one term withmj5 j . Second, Ref.@3# claims that
in the integrand of their path integral the exponent sho
depend only on the gauge field projected onto the third a
in color space. However, this is only possible if the gau
functions are slowly varying withx, i.e., V(xk)V

†(xk21)
.1. In this case the parallel transport operatorUV(Cxkxk21

)
would read@13#

UV~Cxkxk21
!5expig E

Cxkxk21

dxm Am
V~x!

511 i g ~xi2xi 21!•AV~xi 21!, ~32!

and the evaluation of the characterx@U j
V(Cxkxk21

# would
run as follows:

^mj u@U j
V~Cxkxk21

!#umj&

511~ t j
a!mjmj

i g ~xk2xk21!•@AV~xk21!# (a)

511mj i g ~xk2xk21!•@AV~xk21!# (3)

5ei g*Cxkxk21
dxm mj (x)[Am

V(x)] (3)
, ~33!

where we have used the matrix elements of the generato
SU(2), i.e. (t j

a)mjmj
5mj da3. More generally the exponen

on the RHS of Eq.~33! can be written as

E
Cxkxk21

dxm mj~x! @Am
V~x!# (3)

52E
Cxkxk21

dxm mj~x! tr@ t j
3Am

V~x!#. ~34!

This gives the path integral representation for Wilson loo
defined forSU(2) in the following form:

Wj~C!5
1

~2 j 11!2E )
xPC

DV j~x! (
$mj (x)%

~2 j 11!

3e2igrCdxm mj (x) tr[ t j
3Am

V(x)] . ~35!

The exponent contains the gauge field projected onto
third axis in color space tr@ t j

3Am
V(x)#. Nevertheless, Eq.~35!

differs from Eq. ~23! of Ref. @3# by a summation over al
02501
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values of the color magnetic quantum numbermj of the
given irreducible representationj.

The repeated application of Eq.~10! induces that the in-
tegrations over the gauge function atxk are completely inde-
pendent of the integrations atxk61. There is no mechanism
which leads to gauge functions smoothly varying w
xk (k51, . . . ,n). In this sense the situation is opposite to t
quantum mechanical path integral. In quantum mechan
the integration over all paths is restricted by the kinetic te
of the Lagrange function. In the semiclassical limit\→0
due to the kinetic term the fluctuations of all trajectories a
shrunk to zero around a classical trajectory. However, in
case of the integration over gauge functions for the path
tegral representation of the Wilson loop, there is neithe
suppression factor nor a semiclassical limit like\→0. The
key point of the application of Eq.~10! and, therefore, the
path integral representation for Wilson loops is that all in
grations overV(xk) (k51, . . . ,n) are completely indepen
dent and can differ substantially even if the points, where
gauge functionsV(xk) andV(xk21) are defined, are infini-
tesimally close to each other.

For the derivation of Eq.~23! of Ref. @3# Diakonov and
Petrov have used at an intermediate step a regulariza
drawing an analogy with an axial-symmetric top with m
ments of inertiaI' and I i . Within this regularization the
evolution operator representing Wilson loops has been
placed by a path integral over dynamical variables of t
axial-symmetric top which correspond to gauge degrees
freedom of the non-Abelian gauge field. The regularized
pression of the evolution operator has been obtained in
limit I' ,I i→0. The moments of inertia have been used
parameters like\→0. Unfortunately, as we show in Sec. V
the limit I' ,I i→0 has been evaluated incorrectly.

III. THE SU„N… EXTENSION

The extension of the path integral representation given
Eq. ~32! to SU(N) is rather straightforward and reduces
the evaluation of the character of the matrixUr

V(Cxkxk21
) in

the irreducible representationr of SU(N). The character can
be given by@12#

x@Ur
V~Cxkxk21

!#5trS ei (
l 51

N21

HlF l [Cxkxk21
;AV] D

5(
mW r

g mW r
ei mW r•FW [Cxkxk21

;AV] , ~36!

where Hl ( l 51, . . . ,N21) are diagonaldr3dr traceless
matrices realizing the representation of the Cartan suba
bra, i.e.@Hl ,Hl 8#50, of the generators of theSU(N) @12#.
The sum runs over all the weightsmW r5(mr 1 , . . . ,mr N21)
9-5



e

nta-
ta-

-

M. FABER, A. N. IVANOV, N. I. TROITSKAYA, AND M. ZACH PHYSICAL REVIEW D 62 025019
of the irreducible representationr andg mW r
is the multiplicity

of the weightmW r and (mW r
g mW r

5dr . The components of the

vectorFW @Cxkxk21
;AV# are defined by

F l@Cxkxk21
;AV#5gE

Cxkxk21

w l @v~x!#, ~37!

where we have introduced the notationv(x)5tava(x)
5dz•AV(x). The functionsw l @v(x)# are proportional to the
roots of the equation det@v(x)2l#50.

The path integral representation of Wilson loops defin
for the irreducible representationr of SU(N) reads

Wr~C!5
1

dr
2E )

xPC
DV r~x! (

$mW r (x)%

dr g mW r (x)

3ei g rCmW r (x)•wW [v(x)] . ~38!
02501
d

Let us consider in more details the path integral represe
tion of Wilson loops defined for the fundamental represen
tion 3 of SU(3). Thecharacterx3@U3

V(C)# is defined as

x3@U3
V~C!#5tr~eiH 1F1[C;AV] 1 iH 2F2[C;AV] !

5e2 iF2[C;AV]/31eiF1[C;AV]/2A3 eiF2[C;AV]/6

1eiF1[C;AV]/2A3 eiF2[C;AV]/6, ~39!

whereH15t3/A3 andH25t8/A3 @12#. For the representa
tion 3 of SU(3) the equation det@v2l#50 takes the form

l32l
1

2
tr v2~x!2detv~x!50. ~40!

The roots of Eq.~40! read
n

l (1)52
1

A6
Atr v2~x! cosS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D

2
1

A2
Atr v2~x! sinS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D ,

l (2)52
1

A6
Atr v2~x! cosS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D

1
1

A2
Atr v2~x! sinS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D ,

l (3)5 A2

3
Atr v2~x! cosS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D . ~41!

In terms of the rootsl ( i ) ( i 51,2,3) the phasesF1,2@C;AV# are defined as

F1@C;AV#52gA6 R
C
Atr v2~x!sinS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D ,

F2@C;AV#52gA6 R
C
Atr v2~x!cosS 1

3
arccosA2 detF1112

tatr„tav2~x!…

tr v2~x!
G D , ~42!

where trv2(x)5 1
2 gmn@AV#(x) dxmdxn . Thus, in the fundamental representation3 the path integral representation for Wilso

loops reads

W3~C!5
1

9E )
xPC

@DV3~x!3 3# ~eiF1[C;AV]/2A3eiF2[C;AV]/61e2 iF1[C;AV]/2A3 eiF2[C;AV]/61e2 iF2[C;AV]/3!, ~43!

where the phasesF1,2@C;AV# are given by Eq.~42!.
9-6
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IV. WILSON LOOP FOR PURE GAUGE FIELD

As has been pointed out in Ref.@3# the path integral over
gauge degrees of freedom representing Wilson loopsis not of
the Feynman type, therefore, it depends explicitly on h
one ‘‘understands’’ it, i.e. how it is discretized and regula
ized. We would like to emphasize that theregularization
procedureapplied in Ref.@3# has led to an expression fo
Wilson loops which supports the hypothesis of maxim
Abelian projection@14#. According to this hypothesis only
Abelian degrees of freedom of non-Abelian gauge fields
responsible for confinement. This is to full extent a dynam
cal hypothesis. It is quite obvious that such a dynamical
pothesis cannot be derived only by means of a regulariza
procedure.

In order to show that the problem touched in this pape
not of marginal interest and to check if path integral expr
sions that look differently superficially could actually com
pute the same number we evaluate below explicitly the p
integrals representing Wilson loop for a pureSU(2) gauge
field. As has been stated in Ref.@3# for Wilson loopsC a
gauge fieldalong a given curve can be always written as
‘‘pure gauge’’ and the derivation of the path integral repr
sentation for Wilson loops can be provided for the gau
field takenwithout loss of generality in the ‘‘pure gauge
form. We would like to show that for the pureSU(2) gauge
field the path integral representation for Wilson loops s
gested in Ref.@3# fails for a correct description of Wilson
loops. Since a pure gauge field is equivalent to a zero ga
field Wilson loops should be unity.

Of course, any correct path integral representation
Wilson loops should lead to the same result. The evalua
of Wilson loops within the path integral representation E
~16! is rather trivial and transparent. Indeed, we have
corrupted the starting expression for Wilson loops~9! by any
artificial regularization. Thereby, the general formula~16!
evaluated through the discretization given by Eqs.~15! and
~14! is completely identical to the original expression~9!.
The former gives a unit value for Wilson loops defined for
02501
w
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re
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-
n

s
-

th

e

-

ge
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n
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t

arbitrary contourC and an irreducible representationJ of
SU(2): WJ(C)51.

Let us focus now on the path integral representation s
gested in Ref.@3#:

WJ~C!5E )
xPC

DV~x! e2iJgrCdxm tr[ t3Am
V(x)] , ~44!

where all matrices are taken in the irreducible representa
J. Following the discretization suggested in Ref.@3# we ar-
rive at the expression

WJ~C!5 lim
n→`

)
k51

n E DV~xk! e2iJg*Cxk11xk
dxm tr[ t3Am

V(x)] .

~45!

SettingAm(x)5]mU(x)U†(x)/ ig we get

Am
V~x!5

1

ig
]m„V~x!U~x!)~V~x!U~x!…†. ~46!

By a gauge transformationV(x)U(x)→V(x) we reduce Eq.
~44! to the form

WJ~C!5E )
xPC

DV~x! e2JrCdxm tr[ t3]mV(x)V†(x)] . ~47!

For simplicity we consider Wilson loops in the fundamen
representation ofSU(2), W1/2(C). The result can be gener
alized to any irreducible representationJ.

For the evaluation of the path integral Eq.~47! it is con-
venient to use a standards parametrization of Wilson loops
C @2#: xm→xm(s), with sP@0,1# andxm(0)5xm(1)5xm .

The Wilson loop~47! reads in thes parametrization

W1/2~C!5E )
0<s<1

DV~s! expE
0

1

ds trF t3
dV~s!

ds
V†~s!G .

~48!

The discretized form of the path integral~48! is given by
WJ~C!5 lim
n→`

E )
k51

n

DVk expDsk11,k trF t3
Vk112Vk

Dsk11,k
Vk

†G
5 lim

n→`
E )

k51

n

DVk etr[ t3Vk11Vk
†]

5 lim
n→`

E . . . E DVnDVn21DVn22 . . . DV1 3etr[ t3VnVn21
† ] e2Jtr[ t3Vn21Vn22

† ] . . . etr[ t3V2V1
†] etr[ t3V1Vn

†] , ~49!
n
whereVn115V1.
For the subsequent integration overVk we suggest to use

a formula of Ref.@15# modified for our case

E DV eztr[ t3AV†1Bt3V]5(
j

aj
2~z!

2 j 11
x j@~ t3!2AB#, ~50!
where the coefficientsaj (z) are defined by the expansio
@15#

eztr[ t3U]5(
j

aj~z! x j@ t3U#. ~51!
9-7
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In the particular casez52J and for the fundamental repre
sentationJ51/2 we havez51. The trace tr@ t3U# in the ex-
ponent of the LHS of Eq.~51! should be evaluated for th
fundamental representation ofSU(2). By virtue of the or-
thogonality relation for characters@9,10,15#

E DU x j@AU†# x j 8@UB#5
d j j 8

2 j 11
x j@AB#, ~52!

where DU is the Haar measure for theSU(2) group, the
coefficientsaj (z) for j Þ0 can be determined by@15#

aj~z!5
3

j ~ j 11!
E DU x j@ t3U†# ez tr[ t3U] . ~53!

We have used here thatx j@(t3)2#5 j ( j 11)(2j 11)/3. The
coefficienta0(z) is defined by

a0~z!5E DU ez tr[ t3U] . ~54!

The coefficientsaj (z) obey a completeness condition. For
derivation we notice that tr@ t3U†#52tr@ t3U# which can be
easily seen from the standard parametrization of the matrU

in terms of an anglew and a unit vectornW @see Eq.~3.96! of
Ref. @10##

U5e1 iw nW •tW /25cos
w

2
1 i ~nW •tW !sin

w

2
,

~55!

U†5e2 iw nW •tW /25cos
w

2
2 i ~nW •tW !sin

w

2
,

The expansion ofez tr[ t3U†] we represent as follows:

ez tr[ t3U†]5(
j

bj~z! x j@ t3U†#. ~56!

Let us show thatbj (z)5aj (z). Using the orthogonality rela
tion ~52! we obtain

bj~z!5
3

j ~ j 11!
E DU x j@ t3U# ez tr[ t3U†] , j Þ0,

~57!

b0~z!5E DU ez tr[ t3U†] .
02501
Then, making the changeU†→U we get bj (z)5aj (z) by
virtue of the invariance of the Haar measureDU†5DU.

Thus, taking the product of the expansions~51! and ~56!
with bj (z)5aj (z) and integrating overU we get

E DU e z tr[ t3U] e z tr[ t3U†]

5(
j

(
j 8

aj~z! aj 8~z!E DU x j@ t3U†# x j 8@ t3U#

5(
j

aj
2~z!

2 j 11
x j@~ t3!2#5a0

2~z!1(
j .0

1

3
j ~ j 11! aj

2~z!.

~58!

The LHS of Eq.~58! is equal to unity due to the relatio
tr@ t3U†#52tr@ t3U# and the normalization of the Haar me
sure*DU51. Therefore, the completeness condition for t
coefficientsaj (z) reads

a0
2~z!1(

j .0

1

3
j ~ j 11! aj

2~z!51. ~59!

The coefficienta0(z) we evaluate below. The evaluation o
coefficientsaj (z) for an arbitraryj is given in the Appendix.
For the evaluation ofa0(z) one can use, for example, th
standard parametrization~55! and the definition of the Haa
measureDU @see Eq.~3.97! of Ref. @10##

DU5
1

4p2
dVnW dw sin2

w

2
, ~60!

wheredVnW is the uniform measure on the unit sphereS2 @9#.
As a result fora0(z) we obtain

a0~z!5E DU e z tr[ t3U]52J1~z!/z, ~61!

whereJ1(z) is a Bessel function@16#. In the particular case
z51, we geta0(1)5a052J1(1)50.88 @16#.

For the integration overVk we suppose, first, thatn is an
even number. Then, integrating overVn21 , Vn23 , . . . , V1
we obtain
W1/2~C!5 lim
n→`

E . . . E DVnDVn22DVn24 . . . DV2 (
j n21

~2 j n2111! F aj n21

2 j n2111
G2

x j n21
@~ t3!2VnVn22

† #

3 (
j n23

~2 j n2311! F aj n23

2 j n2311
G2

x j n23
@~ t3!2Vn22Vn24

† # . . . (
j 4

~2 j 411! F aj 4

2 j 411
G2

x j 4
@~ t3!2V4V2

†#

3(
j 2

~2 j 211! F aj 2

2 j 211
G2

x j 2
@~ t3!2V2Vn

†#, ~62!

where we have denotedaj (1)5aj .
After the integration overVn , Vn22 , . . . , V2 we arrive at the expression
9-8
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W1/2~C!5 lim
n→`

(
j

~2 j 11! F aj

2 j 11Gn

x j@~ t3!n#

5 lim
n→`

S a0
n1(

j .0
~2 j 11! F aj

2 j 11Gn

x j@~ t3!n# D
5 lim

n→`
(
j .0

~2 j 11! F aj

2 j 11Gn

x j@~ t3!n#, ~63!

where we have used that limn→`a0
n50 by virtue of the rela-

tion a052J1(1)50.88,1 given by Eq.~61!.
The expression~63! is valid too if n is an odd number.

However, in this casex j@(t3)n#50 and we get immediately
W1/2(C)50.

In order to estimatex j@(t3)n# for n an even number and a
n→` we suggest to apply the following procedure:

x j@~ t3!n#5 (
m52 j

j

mn5
G~n11!

2p i E
2 i`

i`

(
m52 j

j

ems
ds

sn11

5
G~n11!

2p i E
2 i`

i`
sh~2 j 11!

s

2

sh
s

2

ds

sn11
. ~64!

As n→`, we can evaluate the integral overs by using the
saddle-point approach and getx j@(t3)n#. j n.

The Wilson loop is then defined by

W1/2~C!5 lim
n→`

(
j .0

~2 j 11! F j a j

2 j 11Gn

5 lim
n→`

(
j .0

~2 j 11! expFn lnU j a j

2 j 11UG . ~65!

By using the completeness condition for the coefficientsaj
given by Eq.~59! we obtain the constraint
02501
U j a j

2 j 11U,A3~12a0
2!A j

j 11

1

2 j 11
,A j

j 11

1

2 j 11
,1.

~66!

This proves that the Wilson loopW1/2(C) vanishes in the
limit n→`, W1/2(C)50.

Thus, the Wilson loopW1/2(C) for an arbitrary contourC
and a pure gauge field represented by the path integral
rived in Ref. @3# vanishes, instead of being equal to unit
W1/2(C)51. This shows that the path integral representat
suggested in Ref.@3# fails for the correct description of Wil-
son loops.

V. WILSON LOOP FOR Z„2… CENTER VORTICES

In this section we evaluate explicitly the path integral~44!
for Wilson loops pierced by aZ(2) center vortex with spatia
azimuthal symmetry. Some problems ofZ(2) center vortices
with spatial azimuthal symmetry have been analyzed by D
konov in his recent publication@17# for the gauge group
SU(2). In this system the main dynamical variable is t
azimuthal component of the non-Abelian gauge fieldAf

a (r)
(a51,2,3) depending only onr, the radius in the transversa
plane. For a circular Wilson loop in the irreducible represe
tation J one gets

WJ~r!5
1

2J11 (
m52J

J

ei2pmm(r)

5
1

2J11

sin@~2J11!pm~r!#

sin@pm~r!#
, ~67!

wherem(r)5rAAf
a (r)Af

a (r). The gauge coupling constan
g is included in the definition of the gauge field. For Wilso
loops in the fundamental representationJ51/2 we have

W1/2~r!5cos@pm~r!#. ~68!

In the case ofZ(2) center vortices with spatial azimutha
symmetry and for the fundamental representation ofSU(2)
Eq. ~45! takes the form
W1/2~r!5 lim
n→`

)
k51

n E DVk etr[ t3( i2pr/n)Vk11Af(r)Vk
†
1t3Vk11Vk

†]

5 lim
n→`

E . . . E DVnDVn21DVn22 . . . DV1etr[ t3( i2pr/n)VnAf(r)Vn21
†

1t3VnVn21
† ]

3etr[ t3( i2pr/n)Vn21Af(r)Vn22
†

1t3Vn21Vn22
† ] . . . etr[ t3( i2pr/n)V2Af(r)V1

†
1t3V2V1

†]

3etr[ t3( i2pr/n)V1Af(r)Vn
†
1t3V1Vn

†] , ~69!

where we have usedCxk11xk
52pr/n, V(xk)5Vk andVn115V1.

For the subsequent evaluation it is convenient to introduce the matrix

Q~Af!5S 11 i
2p

n
r Af~r! D . ~70!
9-9
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In terms ofQ(Af) the path integral~69! reads

W1/2~r!5 lim
n→`

E . . . E DVnDVn21DVn22 . . . DV1 etr[ t3VnQ(Af)Vn21
† ]

3etr[ t3Vn21Q(Af)Vn22
† ] . . . etr[ t3V2Q(Af)V1

†] e tr[ t3V1Q(Af)Vn
†] , ~71!

The integration overVk we carry out with the help of Eq.~50! taken in the from

E DVk etr[ t3Vk11Q(Af)Vk
†
1Q(Af)Vk21

† t3Vk]5(
j

aj
2

2 j 11
x j@~ t3!2Vk11Q2~Af!Vk21

† # ~72!

and the orthogonality relation~52!. The coefficientsaj obey the completeness condition~59! with the constraint~66!.
The numbern may be both even or odd. Letn be an even number, then integrating overVn21 , Vn23 , . . . , V1 by using

Eq. ~72! we obtain

W1/2~r!5 lim
n→`

E . . . E DVnDVn22DVn24 . . . DV2 (
j n21

~2 j n2111! F aj n21

2 j n2111
G2

x j n21
@~ t3!2VnQ2~Af!Vn22

† #

3 (
j n23

~2 j n2311! F aj n23

2 j n2311
G2

x j n23
@~ t3!2Vn22Q2~Af!Vn24

† # . . . (
j 4

~2 j 411! F aj 4

2 j 411
G2

3x j 4
@~ t3!2V4Q2~Af!V2

†#(
j 2

~2 j 211! F aj 2

2 j 211
G2

x j 2
@~ t3!2V2Q2~Af!Vn

†#. ~73!

The integration overVn , Vn22 , . . . , V2 gives

WJ~r!5 lim
n→`

(
j

~2 j 11! F aj

2 j 11Gn E DVn x j@~ t3!nVnQn~Af!Vn
†#

5 lim
n→`

S a0
n1(

j .0
F aj

2 j 11Gn

x j@~ t3!n# x j@Qn~Af!# D
5 lim

n→`
(
j .0

F aj

2 j 11Gn

x j@~ t3!n# x j@Qn~Af!#, ~74!
f

n

f e

d V
son
c.
or
p-

s
d

where we have set limn→`a0
n50.

The integration overVn we have carried out by means o
Eq. ~11!. One can easily show that Eq.~74! is also valid for
odd n, as well as Eq.~55!. In this case due to the relatio
x j@(t3)n#50 we obtain againW1/2(r)50.

For evenn we should use the relationx j@(t3)n#. j n at n
→` which follows from Eq.~56!. This reduces the RHS o
Eq. ~73! to the form

W1/2~r!5 lim
n→`

(
j .0

F ja j

2 j 11Gn

x j@Qn~Af!#, ~75!

The evaluation of the characterx j@Qn(Af)# for n→` runs
as follows:

x j@Qn~Af!#5x jF S 11 i
2p

n
r Af~r! D nG

.x j@ei2prAf(r)#

5
sin@~2 j 11!pm~r!#

sin@pm~r!#
. ~76!
02501
Substituting Eq.~76! in Eq. ~75! we obtain

W1/2~r!5 lim
n→`

(
j .0

F ja j

2 j 11Gn sin@~2 j 11!pm~r!#

sin@pm~r!#
. ~77!

Due to the constraint Eq.~66! the Wilson loop vanishes in
the limit n→`, W1/2(r)50. Thus, we have shown that th
the path integral for Wilson loops suggested in Ref.@3# gives
zero for a field configuration with aZ(2) center vortex,
W1/2(r)50, instead of the correct resultW1/2(r)
5cospm(r), Eq. ~68!.

We hope that the examples considered in Sec. IV an
demonstrate that the path integral representation for Wil
loops derived in Ref.@3# is erroneous. Nevertheless, in Se
VI we evaluate explicitly the regularized evolution operat
ZReg(R2 ,R1) suggested by Diakonov and Petrov for the re
resentation of the Wilson loop in Ref.@3#. We show that this
regularized evolution operatorZReg(R2 ,R1) has been evalu-
ated incorrectly in Ref.@3#. The correct evaluation give
ZReg(R2 ,R1)50 which agrees with our results obtaine
above.
9-10
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VI. PATH INTEGRAL FOR THE EVOLUTION
OPERATOR Z„R2 ,R1…

As has been suggested in Ref.@3# the functional
Z(R2 ,R1) defined by~see Eq.~8! of Ref. @3#!

Z~R2 ,R1!5E
R1

R2
DR~ t ! expS iTE

t1

t2
Tr ~ iR Ṙt3! D , ~78!

whereṘ5dR/dt and T51/2,1,3/2, . . . is thecolor isospin
quantum number, should be regularized by the analogy to
axial-symmetric top. The regularized expression has b
defined in Eq.~9! of Ref. @3# by

ZReg~R2 ,R1!5E
R1

R2
DR~ t ! expS i E

t1

t2F1

2
I' ~V1

21V2
2!

1
1

2
I i V3

21T V3G D , ~79!

whereVa5 i Tr(R Ṙta) are angular velocities of the top,ta
are Pauli matricesa51,2,3, I' and I i are the moments o
inertia of the top which should be taken to zero. Accordi
to the prescription of Ref.@3# one should take first the limi
I i→0 and thenI'→0.

For the confirmation of the result, given in Eq.~13! of
Ref. @3#,

ZReg~R2 ,R1!5~2T11! DTT
T ~R2R1

†!, ~80!

whereDT(U) is a Wigner rotational matrix in the represe
tation T, the authors of Ref.@3# suggested to evaluate th
evolution operator~79! explicitly by means of the discretiza
tion of the path integral overR. The discretized form of the
evolution operator Eq.~79! is given by Eq.~14! of Ref. @3#
and reads1

ZReg~RN11 ,R0!

5 lim
N→`
d→0

NE )
n51

N

dRnexpF (
n50

N S 2 i
I'

2d
@~Tr Vnt1!2

1~Tr Vnt2!2#2 i
I i

2d
~Tr Vnt3!22 T ~Tr Vnt3! D G ,

~81!

where Rn5R(sn) with sn5t11n d and Va

5 iTr (RnRn11
† ta)/d is the discretized analogy of the angul

velocities @3# and Vn5RnRn11
† are the relative orientation

of the top at neighbouring points. The normalization factorN
is determined by

N5S I'

2p id
A I i

2p id D N11

. ~82!

1We are using the notations of Ref.@3#.
02501
an
n

@see Eq.~19! of Ref. @3##. According to the prescription o
Ref. @3# one should take the limitsd→0 and I i ,I'→0 but
keeping the ratiosI i /d, where (i 5i ,'), much greater than
unity, I i /d@1.

Let us rewrite the exponent of the integrand of Eq.~81! in
equivalent form

ZReg~RN11 ,R0!5 lim
N→`
d→0

S I'

2p id
A I i

2p id D N11E )
n51

N

dRn

3expF (
n50

N S 2 i
I'

2d
~Tr Vnta!2

2 i
I i2I'

2d
~Tr Vnt3!22 T ~Tr Vnt3! D G .

~83!

Now let us show that ifVn is a rotation in the fundamenta
representation ofSU(2), so

~Tr Vnta!25241~Tr Vn!2. ~84!

For this aim, first, recall that

Tr ~Vnta!52Tr ~Vn
†ta!. ~85!

SinceVn is a rotation matrix in the fundamental represen
tion of SU(2), it can betaken in the general standard param
eterization given by Eq.~55!. By virtue of the relation~85!
we can rewrite (TrVnta)2 as follows:

~Tr Vnta!252Tr ~Vnta!Tr ~Vn
†ta!

522 Tr XS Vn2
1

2
Tr VnD S Vn

†2
1

2
Tr VnD C

522 Tr ~RnRn11
† Rn11Rn

†!1~Tr Vn!2

522 Tr 11~Tr Vn!25241~Tr Vn!2. ~86!

By using the relation Eq.~84! we can recast the RHS of Eq
~83! into the form

ZReg~RN11 ,R0!5 lim
N→`
d→0

F S I'

2p id
A I i

2p id D N11

3expS iN~N11!
I'

d D G E )
n51

N

dRn

3expF (
n50

N S 2 i
I'

2d
~Tr Vn!2

2 i
I i2I'

2d
~Tr Vnt3!22 T ~Tr Vnt3! D G .

~87!

Now let us proceed to the evaluation of the integrals o
Rn (n51,2, . . . ,N). For this aim it is convenient to rewrite
the RHS of Eq.~87! in the following form:
9-11
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ZReg~RN11 ,R0!5 lim
N→`
d→0

F S I'

2p id
A I i

2p id D N11

expS iN~N11!
I'

d D G E E . . . E E dRN dRN21 . . . dR2 dR1

3expS 2 i
I'

2d
@~Tr RNRN11

† !21~Tr RN21RN
† !21 . . . 1~Tr R2R1

†!21~Tr R1R0
†!2#

2 i
I i2I'

2d
@~Tr RNRN11

† t3!21~Tr RN21RN
† t3!21 . . . 1~Tr R2R1

†t3!21~Tr R1R0
†t3!2#

2T @Tr ~RNRN11
† t3!1Tr ~RN21RN

† t3!1 . . . 1Tr ~R2R1
†t3!1Tr ~R1R0

†t3!# D . ~88!

In the fundamental representation and the parametrization@18# ~see Appendix! we have

Tr Vn5Tr ~RnRn11
† !52 cos

bn

2
cos

bn11

2
cosS an1gn

2
2

an111gn11

2 D12 sin
bn

2
sin

bn11

2
cosS an2gn

2
2

an112gn11

2 D
52 cosS bn2bn11

2 D cosS an2an11

2 D cosS gn2gn11

2 D22 cosS bn1bn11

2 D sinS an2an11

2 D sinS gn2gn11

2 D ,

Tr ~Vnt3!5Tr ~RnRn11
† t3!522 i cos

bn

2
cos

bn11

2
sinS an1gn

2
2

an111gn11

2 D12 i sin
bn

2
sin

bn11

2

3sinS an2gn

2
2

an112gn11

2 D
52 2 icosS bn2bn11

2 D cosS an2an11

2 D sinS gn2gn11

2 D22 i cosS bn1bn11

2 D sinS an2an11

2 D cosS gn2gn11

2 D .

~89!

The Haar measureRn is defined by@see Eq.~A2!#:

DRn5
1

8p2
sinbn dbn dan dgn . ~90!

Due to the assumptionI i /d@1, where (i 5i ,'), the integrals overRn are concentrated around unit elements. Expand
Tr (Vn) and Tr (Vnt3) around unit elements we get

Tr Vn5Tr ~RnRn11
† !522

1

4
~bn2bn11!22

1

4
~an2an111gn2gn11!2,

~91!
Tr ~Vnt3!5Tr ~RnRn11

† t3!52 i ~an2an111gn2gn11!.

For the subsequent integration it is convenient to make a change of variables

an1gn

2
→gn ,

~92!
an2gn→an .

The Jacobian of this transformation is equal to unity. After this change of variables~91! reads

Tr Vn5Tr ~RnRn11
† !522

1

4
~bn2bn11!22 ~gn2gn11!2,

~93!
Tr ~Vnt3!5Tr ~RnRn11

† t3!522 i ~gn2gn11!.

Since both TrVn and Tr (Vnt3) do not depend onan , we can integrate outan . This changes only the Haar measure
follows:

DRn5
1

4p
bn dbn dgn . ~94!
025019-12
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The integration overbn andgn we will carry out in the limits2`<bn<` and2`<gn<`.
Substituting expansions~93! in the integrand of Eq.~88! we obtain

ZReg~RN11 ,R0!5 lim
N→`
d→0

S I'

2p id
A I i

2p id D N11 S 1

4p D NE
2`

`

dgNE
2`

`

dbN bNE
2`

`

dgN21E
2`

`

dbN21 bN21 . . . E
2`

`

dg2

3E
2`

`

db2 b2E
2`

`

dg1E
2`

`

db1 b1 expS i
I'

2d
@~bN112bN!21~bN2bN21!21•••1~b22b1!2

1~b12b0!2#1 i
I i

2d
@~gN112gN!21~gN2gN21!21•••1~g22g1!21~g12g0!2#

22 i T @~gN112gN!1~gN2gN21!1•••1~g22g1!1~g12g0!# D
5e2 2 i T (gN112g0) lim

N→`
d→0

S I'

2p id
A I i

2p id D N11 S 1

4p D NE
2`

`

dgNE
2`

`

dbN bNE
2`

`

dgN21

3E
2`

`

dbN21 bN21 •••E
2`

`

dg2E
2`

`

db2 b2E
2`

`

dg1E
2`

`

db1 b1

3 expS i
I'

2d
@~bN112bN!21~bN2bN21!21•••1~b22b1!21~b12b0!2#

1 i
I i

2d
@~gN112gN!21~gN2gN21!21 . . . 1~g22g1!21~g12g0!2# D . ~95!

The integration overgn gives

E
2`

`

dgNE
2`

`

dgN21 •••E
2`

`

dg2E
2`

`

dg1 expS i
I i

2d
@~gN112gN!21~gN2gN21!21•••1~g22g1!21~g12g0!2# D

5A2p id

I i

1

2
A2p id

I i

2

3
•••A2p id

I i

N21

N
A2p id

I i

N

N11
expS i

I i

2~N11!d
~gN112g0!2D

5SA2p id

I i
D NA 1

N11
expS i

I i

2~N11!d
~gN112g0!2D . ~96!

By taking into account the normalization factor the result of the integration overgn reads

SA I i

2p id D N11 E
2`

`

dgNE
2`

`

dgN21 •••E
2`

`

dg2E
2`

`

dg1 expS i
I i

2d
@~gN112gN!21~gN2gN21!2

1•••1~g22g1!21~g12g0!2# D
5A I i

2p i ~N11!d
expS i

I i

2~N11!d
~gN112g0!2D

5A I i

2p iDt
expS i

I i

2Dt
~gN112g0!2D , ~97!

where we have replaced (N11) d5t22t15Dt. The obtained result is exact. By replacingI i→M , gN11→xb , g0→xa and
Dt→(tb2ta) we arrive at the expression for the Green function, the evolution operator, of a free particle with a massM given
by Eq. ~2.51! of Ref. @6#.

Thus, after the integration overgn the evolution operatorZReg(RN11 ,R0) can be written in the form

ZReg~RN11 ,R0!5A I i

2p iDt
expS i

I i

2Dt
~gN112g0!2D e2 2 i T (gN112g0) F@ I' ,bN11 ,b0#, ~98!

whereF@ I' ,bN11 ,b0# is a functional defined by the integrals overbn
025019-13



M. FABER, A. N. IVANOV, N. I. TROITSKAYA, AND M. ZACH PHYSICAL REVIEW D 62 025019
F@ I' ,bN11 ,b0#5 lim
N→`
d→0

S I'

2p id D N11 S 1

4p D NE
2`

`

dbN bNE
2`

`

dbN21 bN21 •••E
2`

`

db2 b2E
2`

`

db1 b1

3expS i
I'

2d
@~bN112bN!21~bN2bN21!21•••1~b22b1!21~b12b0!2# D . ~99!

Formally we do not need to evaluate the functionalF@ I' ,bN11 ,b0# explicitly. In fact, the functionalF@ I' ,bN11 ,b0# should
be a regular function of variablesI' , bN11 and b0 restricted in the limitI'→0. Therefore, taking the limitI i→0 for the
evolution operatorZReg(RN11 ,R0) defined by Eq.~98! we get

Z~R2 ,R1!5 lim
I i ,I'→0

ZReg~RN11 ,R0!50. ~100!

This agrees with our results obtained in Secs. IV and V.
Nevertheless, in spite of this very definite result let us proceed to the explicit evaluation of the functionalF@ I' ,bN11 ,b0#.

It is convenient to rewrite the integrand of Eq.~99! in the equivalent form

F@ I' ,bN11 ,b0#5 lim
N→`
d→0

S I'

2p id D S 21

p D N S 1

4p D N ]

] j 1

]

] j 2
•••

]

] j N21

]

] j N
E

2`

`

dbNE
2`

`

dbN21•••E
2`

`

db2E
2`

`

db1

3 expS i
I'

2d
@~bN112bN!21~bN2bN21!21•••1~b22b1!21~b12b0!2

1 j N bN1 j N21 bN211•••1 j 2 b21 j 1 b1# D U
j N5 j N215•••5 j 25 j 150

. ~101!

After k integrations we get

E
2`

`

dbkE
2`

`

dbk21•••E
2`

`

db2E
2`

`

db1 expS i
I'

2d
@~bk112bk!

21~bk2bk21!2

1•••1~b22b1!21~b12b0!21 j k bk1 j k21 bk211•••1 j 2 b21 j 1 b1# D
5A2p id

I'

1

2
A2p id

I'

2

3
•••A2p id

I'

k21

k
A2p id

I'

k

k11
expS i

I'

2~k11!d
~b02bk11!2D

3expS i
I'

d
bk11 S k

k11
j k1

k

k11
•

k21

k
j k211

k

k11
•

k21

k
•

k22

k21
j k22

1•••1
k

k11
•

k21

k
•

k22

k21
•••

2

3
j 21

k

k11
•

k21

k
•

k22

k21
•••

2

3
•

1

2
j 1D D

3expS i
I'

d F2
1

2
•

1

2
~ j 12b0!21

1

2
•

1

2
b0

22
1

2
•

2

3 S j 21
1

2
j 12

1

2
b0D 2

1
1

2
•

2

3
•

1

22
b0

2

2
1

2
•

3

4 S j 31
2

3
j 21

2

3
•

1

2
j 12

1

3
b0D 2

1
1

2
•

3

4
•

1

32
b0

22
1

2
•

4

5 S j 41
3

4
j 31

3

4
•

2

3
j 2

1
3

4
•

2

3
•

1

2
j 12

1

4
b0D 2

1
1

2
•

4

5
•

1

42
b0

22
1

2
•

5

6 S j 51
4

5
j 41

4

5
•

3

4
j 31

4

5
•

3

4
•

2

3
j 2

1
4

5
•

3

4
•

2

3
•

1

2
j 12

1

5
b0D 2

1
1

2
•

5

6
•

1

52
b0

22 . . . 2
1

2
•

k

k11S j k1
k21

k
j k21

1
k21

k
•

k22

k21
j k221 . . . 1

k21

k
•

k22

k21
•••

2

3
j 21

k21

k
•

k22

k21
•••

2

3
•

1

2
j 12

1

k
b0D 2

1
1

2
•

k

k11
•

1

k
2b0

2G D . ~102!

By performingN integrations we obtain
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E
2`

`

dbNE
2`

`

dbN21•••E
2`

`

db2E
2`

`

db1 expS i
I'

2d
@~bN112bN!21~bN2bN21!2

1•••1~b22b1!21~b12b0!21 j N bN1 j N21 bN211•••1 j 2 b21 j 1 b1# D
5SA2p id

I'
D N11A I'

2p iDt
expS i

I'

2Dt
(bN112b0)2DexpS i

I'

d
bN11 S N

N11
j N1

N

N11
•

N21

N
j N21

1
N

N11
•

N21

N
•

N22

N21
j N221•••1

N

N11
•

N21

N
•

N22

N21
•••

2

3
j 2

1
N

N11
•

N21

N
•

N22

N21
•••

2

3
•

1

2
j 1D CexpS i

I'

d F2
1

2
•

1

2
~ j 12b0!21

1

2
•

1

2
b0

2

2
1

2
•

2

3 S j 21
1

2
j 12

1

2
b0D 2

1
1

2
•

2

3
•

1

22
b0

22
1

2
•

3

4 S j 31
2

3
j 21

2

3
•

1

2
j 12

1

3
b0D 2

1
1

2
•

3

4
•

1

32 b0
2

2
1

2
•

4

5 S j 41
3

4
j 31

3

4
•

2

3
j 21

3

4
•

2

3
•

1

2
j 12

1

4
b0D 2

1
1

2
•

4

5

1

42 b0
22•••2

1

2

N

N11S j N1
N21

N
j N21

1
N21

N
•

N22

N21
j N221•••1

N21

N
•

N22

N21
•••

2

3
j 21

N21

N
•

N22

N21
•••

2

3
•

1

2
j 12

1

N
b0D 2

1
1

2
•

N

N11
•

1

N2 b0
2G D ,

~103!

where we have replaced (N11) d5t22t15Dt.
Now we can evaluate the derivatives with respect toj 1 , j 2 , . . . ,j N21 , j N . Due to the constraintI' /d@1 we can keep only

the leading order contributions in powers ofI' /d@1. The result reads

]

] j 1

]

] j 2
. . .

]

] j N21

]

] j N
E

2`

`

dbNE
2`

`

dbN21 . . . E
2`

`

db2E
2`

`

db1 expS i
I'

2d
@~bN112bN!21~bN2bN21!2

1•••1~b22b1!21~b12b0!21 j N bN1 j N21 bN211•••1 j 2 b21 j 1 b1# D U
j N5 j N215 . . . 5 j 25 j 150

5SA2p id

I'
D N11A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D S i I'

d D NS bN11

1

N11
1b0 F 1

1•2
1

1

2•3
1

1

3•4
1•••

1

N~N11!G D
3S bN11

2

N11
1b0 F 2

2•3
1

2

3•4
1 . . . 1

2

N~N11!G D S bN11

3

N11
1b0 F 3

3•4
1•••1

3

N~N11!G D
3S bN11

4

N11
1b0 F 4

4•5
1•••1

4

N~N11!G D . . . S bN11

N

N11
1b0

N

N~N11! D
5SA2p id

I'
D N11A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D S i I'

d D NS bN11

1

N11
1b0

N

N11D S bN11

2

N11
1b0

N21

N11 D
3S bN11

3

N11
1b0

N22

N11 D 3•••3 S bN11

N

N11
1b0

1

N11D
5SA2p id

I'
D N11A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D S i I'

d D N

)
k51

N S bN11

k

N11
1b0

N112k

N11 D . ~104!

Substituting Eq.~104! in Eq. ~101! we obtain the functionalF@ I' ,bN11 ,b0#
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F@ I' ,bN11 ,b0#5A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D3 lim

N→`
d→0

S 1

2p D NSA I'

2p id D N11

)
k51

N S bN11

k

N11
1b0

N112k

N11 D .

~105!

In order to understand the behavior of the functionalF@ I' ,bN11 ,b0# in the limit N→` we suggest evaluating the produc

P@bN11 ,b0#5)
k51

N S bN11

k

N11
1b0

N112k

N11 D ~106!

at N@1 by using thez regularization. In thez regularization the evaluation ofP@bN11 ,b0# runs the following way

ln P@bN11 ,b0#5 (
k51

N

ln S bN11

k

N11
1b0

N112k

N11 D5 (
k51

N

~21!
d

dsS bN11

k

N11
1b0

N112k

N11 D 2sU
s50

52
d

ds (
k51

N E
0

` dz

G~s!
expF2S bN11

k

N11
1b0

N112k

N11 D zG zs21U
s50

52
d

dsE0

` dz

G~s! F e2b0 z2e2bN11 z

12expS 2
bN112b0

N11
zD 2e2b0 zG zs21U

s50

52~N11!
d

dsE0

` dz

G~s!

e2b0 z2e2bN11 z

bN112b0
zs22U

s50

52~N11!
d

dsF 1

s21

b0
12s2bN11

12s

bN112b0
G

s50

52~N11! F12
bN11 ln bN112b0 ln b0

bN112b0
G

52~N11!

bN11 ln
e

bN11
2b0 ln

e

b0

bN112b0
. ~107!

Thus, the functionP@bN11 ,b0# is defined by

P@bN11 ,b0#5expS 2~N11!

bN11 ln
e

bN11
2b0 ln

e

b0

bN112b0

D , ~108!

wheree52.71828 . . . . Due to theconstraintI' /d@1 the Euler anglesbN11 andb0 are less than unity and the ratio in E
~108! is always positive

bN11 ln
e

bN11
2b0 ln

e

b0

bN112b0
.0. ~109!

The functionalF@ I' ,bN11 ,b0# is then defined by

F@ I' ,bN11 ,b0#5A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D lim

N→`
d→0

S 1

2p D NSA I'

2p id D N11

3expS 2~N11!

bN11 ln
e

bN11
2b0 ln

e

b0

bN112b0

D . ~110!
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ThusF@ I' ,bN11 ,b0# vanishes in the limitN→`. This result retains itself even if we change the normalization factor of
evolution operator

N5S I'

2p id
A I i

2p id D N11

→~2p!N SA I i

I'
D N11

. ~111!

The renormalized functionalF@ I' ,bN11 ,b0#, defined by

F@ I' ,bN11 ,b0#5A I'

2p iDt
expS i

I'

2Dt
~bN112b0!2D lim

N→`

expS 2~N11!

bN11 ln
e

bN11
2b0 ln

e

b0

bN112b0

D , ~112!
in
l

to

.
e-
n
n

o
he
e

on
a

e
f
e

a

r

ator

uld

n

vanishes in the limitN→` since the Euler anglesbN11 and
b0 are small compared with unity due to the constra
I' /d@1 @3#. The vanishing of the functiona
F@ I' ,bN11 ,b0# in the limit N→` agrees with our results
obtained in Secs. IV and V.

Substituting Eq.~112! in Eq. ~98! we obtain

ZReg~RN11 ,R0!50. ~113!

This leads to the vanishing of the evolution opera
Z(R2 ,R1) given by Eq. ~78! or Eq. ~8! of Ref. @3#,
Z(R2 ,R1)50.

Thus, the evolution operatorZ(R2 ,R1) suggested in Ref
@3# for the description of Wilson loops in terms of path int
grals over gauge degrees of freedom is equal to zero ide
cally. This agrees with our results obtained in Secs. IV a
V. As we have shown the vanishing ofZ(R2 ,R1) does not
depend on the specific regularization and discretization
the path integral. In fact, this is an intrinsic property of t
path integral given by Eq.~78! that becomes obvious if th
evaluation is carried out correctly.

VII. EVOLUTION OPERATOR Z„R2 ,R1… AND SHIFT
OF ENERGY LEVELS OF AN AXIAL-SYMMETRIC TOP

In this section we criticize the analysis of the evoluti
operatorZ(R2 ,R1) carried out by Diakonov and Petrov vi
the canonical quantization of the axial–symmetric top@see
Eq. ~12! of Ref. @3##. Below we use the notation of Ref.@3#.

The parallel transport operator

Wab~ t2 ,t1!5FPexpS i E
x(t1)

x(t2)

Am
a ~x! Ta dxmD G

ab

5FPexpS i E
t1

t2
A~ t ! dtD G

ab

, ~114!

whereA(t)5Am
a (x) Ta dxm /dt is a tangent component of th

Yang-Mills field and Ta (a51,2,3) are the generators o
SU(2) group in the representationT, has been reduced to th
form

Wab~ t2 ,t1!5Dab
T
„U~ t2!U†~ t1!… ~115!
02501
t

r

ti-
d

f

@see Eq.~5! of Ref. @3## due to the statement@3#: The poten-
tial A(t) along a given curve can be always written as
‘‘pure gauge’’

Aab~ t !5 i D ag
T
„U~ t !…

d

dt
Dgb

T
„U†~ t !… ~116!

@see Eq.~4! of Ref. @3##.
By using the parallel transport operator Eq.~115! the Wil-

son loopWT(C) in the representationT has been defined by

WT~C!5(
a

Waa~ t2 ,t1!5(
a

Daa
T
„U~ t2!U†~ t1!…

~117!

@see Eq.~25! of Ref. @3##. In terms of the evolution operato
Z(R2 ,R1) given by Eq.~78! @see Eq.~8! of Ref. @3## the
parallel transport operatorWab(t2 ,t1) has been recast into
the form

Wab
DP~ t2 ,t1!5E E dR1 dR2 (

T8,m
~2T811! Dam

T8
„U~ t2!R2

†
…

3Dmb
T8

„R1U†~ t1!…Z~R2 ,R1!, ~118!

where the index DP means that the parallel transport oper
is taken in the Diakonov-Petrov~DP! representation. The
Wilson loopWT

DP(C) in the DP representation reads

WT
DP~C!5E E dR1 dR2 (

T8,m,a
~2T811! Dam

T8 ~U~ t2!R2
†!

3Dma
T8 ~R1U†~ t1!! Z~R2 ,R1!. ~119!

Of course, if the DP representation were correct we sho
get WT

DP(C)5WT(C), whereWT(C) is determined by Eq.
~117!.

The regularized evolution operatorZReg(R2 ,R1) given by
Eq. ~80! @see also Eq.~9! of Ref. @3## can be represented i
the form of a sum over possible intermediate states, i.e.
eigenfunctions of the axial-symmetric top
9-17
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ZReg~R2 ,R1!5 (
J,m,k

~2J11! Dmk
J ~R2!Dkm

J ~R1
†!

3e2 i (t22t1) EJm, ~120!

@see Eq.~12! of Ref. @3##, whereEJm are the eigenvalues o
the Hamiltonian of the axial-symmetric top

EJm5
J~J11!2m2

2I'

1
~m2T!2

2I i
~121!

@see Eq.~11! of Ref. @3##.
As has been stated in Ref.@3#: If we now take to zero

I',i→0 (first I i , then I') we see that in the sum (12) on
the lowest energy intermediate state survives with m5J5T.
The resulting phase factor from the lowest energy state
be absorbed in the normalization factor in Eq. (9) since th
corresponds to a shift in the energy scale.

The statement concerning the possibility to absorb
fluctuating factor exp@2i(t22t1) T/2I'# in the normalization
of the path integral representing the evolution operator is
main one allowing the RHS of Eqs.~118! and ~119! to es-
cape from the vanishing in the limitI'→0.

In reality such a removal of the fluctuating factor is pr
hibited since this leads to the change of the starting sym
try of the system fromSU(2) to U(2). In order to make this
more transparent we suggest to insertZReg(R2 ,R1) of Eq.
~120! into Eq.~119! and to express the Wilson loopWT

DP(C)
in terms of a sum over possible intermediate states, the
eigenfunctions of the axial-symmetric top. The main idea
this substitution is the following: as the Wilson loop is
physical quantity which can be measured, all irrelevant n
malization factors should be canceled for the evaluation o
Therefore, if the oscillating factor exp@2 i (t22t1) T/2I'# can
be really removed by a renormalization of something,
Wilson loop should not depend on this factor.

Substituting Eq.~120! in Eq. ~119! and integrating over
R1 andR2 we obtain the following expansion for the parall
transport operator in the DP representation:

Wab
DP~ t2 ,t1!5(

T8
(

m52T8

T’

Dab
T8
„U~ t2!U†~ t1!… e2 i (t22t1) ET8m.

~122!

Settinga5b and summing overa we get the DP represen
tation for Wilson loops

WT
DP~C!5(

a
Waa

DP~ t2 ,t1!

5(
T8

(
m52T8

T’

Daa
T8
„U~ t2!U†~ t1!… e2 i (t22t1) ET8m.

~123!

Due to the definition~117! the RHS of Eq.~123! can be
rewritten in the form
02501
n
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WT
DP~C!5(

a
Waa

DP~ t2 ,t1!

5(
T8

(
m52T8

T’

WT8~C! e2 i (t22t1) ET8m, ~124!

whereWT8(C) is the Wilson loop in theT8 representation
determined by Eq.~117!. The relation~124! agrees to some
extent with our expansion given by Eq.~114!.

Following Ref. @3# and taking the limitI i→0 we obtain
m5T. This reduces the RHS of Eq.~124! to the form

WT
DP~C!5(

T8
WT8~C! expF2 i ~ t22t1!

T8~T811!2T2

2I'
G .

~125!

Now according to the prescription of Ref.@3# we should take
the limit I'→0. Following again Ref.@3# and settingT8
5T we arrive at the relation

WT
DP~C!5WT~C! expF2 i ~ t22t1!

T

2I'
G

5(
a

Daa
T ~U~ t2!U†~ t1!! expF2 i ~ t22t1!

T

2I'
G .

~126!

Thus, Wilson loops in the DP representation differ fro
original Wilson loops by the oscillating factor exp@i(t2
2t1) T/2I'#. The only possibility to remove the oscillatin
factor exp@2i(t22t1) T/2I'# is to absorb this phase factors
the matricesU(t2) andU†(t1) which describe the degrees o
freedom of the gauge potentialA(t) via the relation~115!.
This yields the changes

U~ t2!→Ū~ t2!5U~ t2! ei t 2 T/2I',
~127!

U†~ t1!→Ū†~ t1!5U†~ t1! e2 i t 1 T/2I'.

However, the matricesŪ(t2) and Ū†(t1) are now the ele-
ments of theU(2) group but not ofSU(2). Thus, the shift of
the energy level of the ground state of the axial-symme
top suggested by Diakonov and Petrov in order to rem
the oscillating factor changes crucially the starting symme
of the theory fromSU(2) to U(2). Since the former is not
allowed the oscillating factor exp@2i(t22t1) T/2I'# cannot be
removed. As a result in the limitI'→0 we obtain

WT
DP~C!50. ~128!

The vanishing of Wilson loops in the DP representati
agrees with our results obtained in Secs. IV, V, and VI a
confirms our claim that this path integral representation
Wilson loops is incorrect.

VIII. THE NON-ABELIAN STOKES THEOREM

The derivation of the area-law falloff promoted great i
terests in the non-Abelian Stokes theorem expressing the
9-18
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ponent of Wilson loops in terms of a surface integral over
2-dimensional surfaceS with the boundaryC5]S @18#

tr P Cei g rCdxm Am(x)

5tr PS ei g 1/2 **Sdsmn(y) U(Cxy) Gmn(y) U(Cyx), ~129!

wherePS is the surface ordering operator@18#, dsmn(y) is a
2-dimensional surface element in 4-dimensional space-ti
x is a current point on the contourC, i.e. xPC, y is a point
on the surface S, i.e. yPS, and Gmn(y)5]mAn(y)
2]nAm(y)2 ig@Am(y),An(y)# is the field strength tensor
The procedure for the derivation of the non-Abelian Stok
theorem in the form of Eq.~129! contains a summation o
contributions of closed paths around infinitesimal areas
these paths are linked to the reference pointx on the contour
C via parallel transport operators. The existence of clo
pa

se
he
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w
fre
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om
m
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paths linked to the references pointx on the contourC is a
necessaryand asufficientcondition for the derivation of the
non-Abelian Stokes theorem Eq.~129!.

Due to the absence of closed paths it is rather clear
the path integral representation for Wilson loops cannot
applied to the derivation of the non-Abelian Stokes theore
In fact, the evaluation of the path integral over gauge degr
of freedom demands the decomposition of the closed con
C into a set of infinitesimal segments which can be ne
closed. Let us prove this statement by assuming the c
verse. Suppose that by representing the path integral
gauge degrees of freedom in the form of then-dimensional
integral ~15! we have a closed segment. Let the segm
Cxkxk21

be closed and the pointx8 belong to the segmen

Cxkxk21
, x8PCxkxk21

. By using Eq.~10! we can represent the

characterx@Ur
V(Cxkxk21

)# by
x@Ur
V~Cxkxk21

!#5x@Ur
V~Cxix8!Ur

V~Cx8xi 21
!#5x@V~xi !Ur~Cxix8!Ur~Cx8xi 21

!V~xi 21!#

5drE DV r~x8!x@V r~xi !Ur~Cxix8!V r
†~x8!# x@V r~x8!Ur~Cx8xi 21

!V~xi 21!#

5drE DV r~x8!x@Ur
V~Cxix8!# x@Ur

V~Cx8xi 21
!#. ~130!
or
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This transforms a (n21)-dimensional integral with one
closed infinitesimal segment into an-dimensional integral
without closed segments. Since finallyn tends to infinity
there is no closed segments for the representation for the
integral in the form of a (n21)-dimensional integral. As this
statement is general and valid for any path integral repre
tation of Wilson loops, so one can conclude that no furt
non-Abelian Stokes theorem can be derived within any p
integral approach to Wilson loops.

IX. CONCLUSION

By using well defined properties of group characters
have shown that the path integral over gauge degrees of
dom of the Wilson loop which was used in Eq.~2.13! of Ref.
@11# for a lattice evaluation of the average value of Wils
loops can be derived in continuum space-time in n
Abelian gauge theories with the gauge groupSU(N). The
resultant integrand of the path integral contains a phase
tor which is not projected onto Abelian degrees of freed
of non-Abelian gauge fields and differs substantially fro
the representation given in Ref.@3#. The important point of
our representation is the summation over all states of
given irreducible representationr of SU(N). For example, in
SU(2) the phase factor is summed over all values of
colourmagnetic quantum numbermj of the irreducible rep-
th

n-
r

th

e
e-

-

c-

e

e

resentationj of color charges. This contradicts Eq.~23! of
Ref. @3#, where only term with the highest value of the col
magnetic quantum numbermj5 j are taken into account an
the other 2j terms are lost. This loss is caused by an artific
regularization procedure applied in Ref.@3# for the definition
of the path integral over gauge degrees of freedom.

As has been stated by Diakonov and Petrov in Ref.@3# the
path integral over gauge degrees of freedom represen
Wilson loops is not of the Feynman type, therefore, it d
pends explicitly on how one ‘‘understands’’ it, i.e. how it
discretized and regularized. In order tounderstandthe path
integral over gauge degrees of freedom Diakonov and Pe
@3# suggested a regularization procedure drawing an ana
between gauge degrees of freedom and dynamical varia
of the axial-symmetric top with moments of inertiaI' and
I i . The final expression for the path integral of the Wils
loop has been obtained in the limitI' ,I i→0.

In order to make the incorrectness of this expression m
transparent we have evaluated the path integral for spe
gauge field configurations~i! a pure gauge field and~ii ! Z(2)
center vortices with spatial azimuthal symmetry. The dir
evaluation of path integrals representing Wilson loops
these gauge field configurations has given the value zero
both cases. These results do not agree with the correct
ues.

One can show that Eq.~77! can be generalized for an
contour of a Wilson loop inSU(2):
9-19
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W1/2~C!5E )
xPC

DV~x! eigrCdxm tr[ t3Am
V(x)]

5 lim
n→`

(
j .0

F ja j

2 j 11Gn

~2 j 11!Wj~C!50,

~131!

whereWj (C) in the RHS is defined by Eq.~9! in terms of
the path-ordering operatorPC . Further, the result~131! can
be extended to any irreducible representation ofSU(2).
Thus, we argue that the path integral suggested in Ref.@3# to
represent Wilson loops is identically zero for Wilson loo
independent on the gauge field configuration, the shap
the contourC and the irreducible representation ofSU(2).

This statement we have supported by a direct evalua
of the evolution operatorZReg(R2 ,R1) defined by Eq.~14! of
Ref. @3#, representing the assumption by Diakonov a
Petrov for Wilson loops in terms of the path integral ov
gauge degrees of freedom. As we have shown in Sec. VI
regularized evolution operatorZReg(R2 ,R1), evaluated cor-
rectly, is equal to zero. This agrees with our results obtai
in Secs. IV and V. In Sec. VII we have shown that t
removal of the oscillating factor from the evolution opera
suggested in Ref.@3# via a shift of energy levels of the axia
symmetric top is prohibited. Such a shift of energy lev
leads to a change of the starting symmetry of the sys
from SU(2) to U(2). By virtue of the oscillating factor the
Wilson loop vanishes in the limitI i ,I'→0 in agreement
with our results in Secs. IV, V, and VI.

We hope that the considerations in Secs. IV–VII are m
than enough to persuade even the most distrustful reader
the path integral representation for the Wilson derived
Diakonov and Petrov by means ofspecial regularization and
understandingof the path integral over gauge degrees
freedom is erroneous.

The use of an erroneous path integral representation
Wilson loops in Ref.@7# has led to the conclusion that fo
large distances the average value of Wilson loops sh
area–law falloff for any irreducible representationr of
SU(N). Unfortunately, this result is not supported by n
merical simulations of lattice QCD@8#. At large distances
color charges with non-zeroN-ality have string tensions o
the corresponding fundamental representation, whereas c
charges with zeroN-ality are screened by gluons and cann
form a string. Therefore, the result obtained in Ref.@7# can-
not be considered asa new check of confinement in lattic
calculationsas has been argued by the authors of Ref.@7#.

We would like to accentuate that the problem we ha
touched in this paper is not of marginal interest and a p
integral, if derived by means of an unjustified regularizati
procedure, would hardly compute the same physical num
as the correct one. We argue that no regularization proce
can lead to specific dynamical constraints. In fact, the re
larization procedure drawing the analogy with the axi
symmetric top has led to the result supporting the hypoth
of maximal Abelian projection pointed out by ’t Hooft@14#.
Any proof of this to full extent dynamical hypothesis throug
a regularization procedure and through specificunderstand-
02501
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ing of the path integral should have seemed dubious
suspicious.

Finally, we have shown that within any path integral re
resentation for Wilson loops in terms of gauge degrees
freedom no non-Abelian Stokes theorem in addition to E
~129! can be derived. Indeed, the Stokes theorem replac
line integral over a closed contour by a surface integral w
the closed contour as the boundary of a surface. Howe
approximating the path integral by ann-dimensional integral
at n→` there are no closed paths linking two adjace
points along Wilson loops. Thereby, the line integrals ov
these open paths cannot be replaced by surface integ
Thus, we argue that any non-Abelian Stokes theorem ca
derived only within the definition of Wilson loops throug
the path ordering procedure~129!. Of course, one can repre
sent the surface-ordering operatorPS in Eq. ~129! in terms of
a path integral over gauge degrees of freedom, but
should not be a new non-Abelian Stokes theorem in comp
son with the old one given by Eq.~129!. That is why the
claims of Refs.@3–5# concerning new versions of the non
Abelian Stokes theorems derived within path integral rep
sentations for Wilson loops seem unjustified.
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APPENDIX: COEFFICIENTS aj„z…

In this appendix we evaluate the coefficientsaj (z) of the
expansion~51! and show that the completeness conditi
given by the series~59! converges to unity.

It is convenient to rewrite Eq.~51! as follows

ezx1/2[ t
3U]5(

j
aj~z! x j@ t3U#

5a0~z!1a1/2~z! x1/2@ t3U#1a1~z! x1@ t3U#

1a3/2~z! x3/2@ t3U#1a2~z! x2@ t3U#

1a5/2~z! x5/2@ t3U#1•••. ~A1!

For the evaluation of the coefficientsa0(z), a1/2(z), a1(z),
a3/2(z), a2(z) anda5/2(z) we would make use the parametr
zation of the matricesU in terms of the Euler anglesa, b
and g ranging over the regions 0>a>2p, 0>b>p and
0>g>2p, respectively@19#. Then, the Haar measureDU
normalized to unity is defined by@19#

DU5
1

8p2
sinb db da dg. ~A2!

In the notation of Ref.@18# the characters are given by

x1/2@ t3U#52 i cos
b

2
sin

a1g

2
,

9-20
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x1@ t3U#52 2 i cos2
b

2
sin~a1g!,

x3/2@ t3U#52 12 i cos3
b

2
sin

a1g

2
cos2

a1g

2

12 i cos
b

2
sin

a1g

2
,

x2@ t3U#52 8 i cos4
b

2
sin~a1g! cos~a1g!

1 i ~11cosb! ~122 cosb!sin~a1g!,

x5/2@ t3U#52 80 i cos5
b

2 S sin
a1g

2
22 sin3

a1g

2

1sin5
a1g

2 D2 i S 15 cos5
b

2
212 cos3

b

2 D
3S 3 sin

a1g

2
24 sin3

a1g

2 D2 i S 10 cos5
b

2

212 cos3
b

2
13 cos

b

2 D sin
a1g

2
, . . . ~A3!

The coefficientsa0(z), a1/2(z), a1(z), a3/2(z), a2(z) and
a5/2(z) are defined by the integrals~53! and ~54!:

a0~z!5E DU ez x1/2[ t
3U]5

1

8p2E0

2p

daE
0

2p

dgE
0

p

db

3sinb e2 i z cos (b/2) sin [(a1g)/2],

a1/2~z!54E DU x1/2@ t3U†# ez x1/2[ t
3U]

5
i

2p2E0

2p

daE
0

2p

dgE
0

p

db

3sinb Fcos
b

2
sin

a1g

2 Ge2 i z cos (b/2) sin[(a1g)/2],

a1~z!5
3

2E DU x1@ t3U†# ez x1/2[ t
3U]

5
3i

8p2E0

2p

daE
0

2p

dgE
0

p

db sinb

3Fcos2
b

2
sin~a1g!G e2 i z cos (b/2) sin [(a1g)/2],
02501
a3/2~z!5
4

5E DU x3/2@ t3U†# ez x1/2[ t
3U]

5
i

5p2E0

2p

daE
0

2p

dgE
0

p

db sinb

3 F6 cos3
b

2
sin

a1g

2
cos2

a1g

2

2cos
b

2
sin

a1g

2 G e2 i z cos (b/2) sin [(a1g)/2],

a2~z!5
1

2E DU x2@ t3U†# ez x1/2[ t
3U]

5
i

16p2E0

2p

daE
0

2p

dgE
0

p

db sinb

3F8 cos4
b

2
sin~a1g! cos~a1g!

2~11cosb! ~122 cosb!sin~a1g!G
3 e2 i z cos (b/2) sin [(a1g)/2],

a5/2~z!5
12

35E DU x3/2@ t3U†# ez x1/2[ t
3U]

5
3i

70p2E0

2p

daE
0

2p

dgE
0

p

db sinb

3 F80 cos5
b

2 S sin
a1g

2
22 sin3

a1g

2

1sin5
a1g

2 D1S 15 cos5
b

2
212 cos3

b

2 D
3S 3 sin

a1g

2
24 sin3

a1g

2 D
1S 10 cos5

b

2
212 cos3

b

2
13 cos

b

2 D
3sin

a1g

2 G e2 i z cos (b/2) sin [(a1g)/2],

. . . . ~A4!

The integration over angle variables gives

a0~z!52
J1~z!

z
, a1/2~z!58

J2~z!

z
, a1~z!50,

a3/2~z!5
16

5

J4~z!

z
, a2~z!50,

a5/2~z!5
72

35

J6~z!

z
, . . . . ~A5!
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One can show that for an arbitraryj the coefficientaj (z) is
defined by

aj~z!5H 3~2 j 11!

j ~ j 11!

J2 j 11~z!

z
, j 51/2,3/2,5/2, . . . ,

0, j 51,2, . . . .

~A6!

This implies the following general formula:

E DU x j@ t3U†# ez x1/2[ t
3U]

5H ~2 j 11!
J2 j 11~z!

z
, j 51/2,3/2,5/2, . . . ,

0, j 51,2, . . . .

~A7!

The completeness condition~59! for arbitrary z takes the
form

4
J1

2~z!

z2
13 (

j 51/2

`
~2 j 11!2

j ~ j 11!

J2 j 11
2 ~z!

z2
51. ~A8!
ys

B

-

h

ev

02501
The numerical values ofa0(z), a1/2(z), a3/2(z) and a5/2(z)
for the particular casez51 read

a0~1!50.88, a1/2~1!50.92, a3/2~1!50.01,
~A9!

a5/2~1!5431025.

For the completeness condition~59! we obtain atz51

a0
2~1!1 (

j 51/2

`
1

3
j ~ j 11! aj

2~1!

5a0
2~1!1

1

4
a1/2

2 ~1!1
5

4
a3/2

2 ~1!1
35

12
a5/2

2 ~1!1•••50.774

10.21211.253102415310291•••

50.9861•••. ~A10!

Thus, this series converges slowly to unity.
o,

s,
,

on
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