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Path integral representation for Wilson loops and the non-Abelian Stokes theorem
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We discuss the derivation of the path integral representation over gauge degrees of freedom for Wilson loops
in SU(N) gauge theory and 4-dimensional Euclidean space-time by using well-known properties of group
characters. A discretized form of the path integral is naturally provided by the properties of group characters
and does not need any atrtificial regularization. We show that the path integral over gauge degrees of freedom
for Wilson loops derived by Diakonov and Petrf®hys. Lett. B224 131 (1989] by using a special regular-
ization is erroneous and predicts zero for the Wilson loop. This property is obtained by direct evaluation of
path integrals for Wilson loops defined for pugdJ(2) gauge fields and(2) center vortices with spatial
azimuthal symmetry. Further we show that both derivations given by Diakonov and Petrov for their regularized
path integral, if done correctly, predict also zero for Wilson loops. Therefore, the application of their path
integral representation of Wilson loops cannot gav@ew way to check confinement in lattiae has been
declared by Diakonov and PetrpRhys. Lett. B242425(1990]. From the path integral representation which
we consider we conclude that no new non-Abelian Stokes theorem can exist for Wilson loops except the
old-fashioned one derived by means of the path-ordering procedure.

PACS numbd(s): 12.38.Aw, 12.90+b

I. INTRODUCTION U(ny)zpcxyei g fcyde,L AL(2)
The hypothesis of quark confinement, bridging the hy- n
pothesis of the existence of quarks and the failure of the =1im J] U(Cy, )
detection of quarks as isolated objects, is a challenge for now k=1 K1
QCD. As a criterion of color confinement in QCD, Wilson .
[1] suggested to consider the average value of an operator :r!erLU(nyn,l) - U(Cyy,) U(Cy x)
1 ig$cdx, A,(X) 1 ; i i g (X Xk—1)-AXe_ 1)
W(C)=trPeel 99 Auld=StrU(Cro), (1) =lim [T e'9 %0 A, ®

n—o k=1

defined on an closed loo@, WhereA#(x):taAi(x) is a
gauge fieldt? (a=1, ... N>—1) are the generators of the
SU(N) gauge group in fundamental representation normal
ized by the condition trtft®)= 52%/2, g is the gauge cou-
pling constant an@: is the operator ordering color matrices by [2]
along the patliC. The trace in Eq(1) is computed over color
indices. The operator

where Cxxe 1 is an infinitesimal segment of the pa@y,

with xo=x and x,=y. The parallel transport operator
U(kaxk_l) for an infinitesimal segmert, , | is defined

U(Cy, )=e0/c,, 92Au@=gl 006D Al 1),

(4)

XkX—1

U(Cy) =P, €070, M, )

In accordance with the definition of the path-ordering proce-
makes a parallel transport along the p&ffy from xtoy. For ~ dure(3) the parallel transport operati(Cy,) has the prop-
Wilson loops the conto€ defines a closed patB,,. For €ty
determinations of the parallel transport operadigC,,) the
act|on' of t.he. .path—orderlng operat(Z?rcyx is defined by the U(ny)ZU(nyl) U(Cxlx)1 (5)
following limiting procedure[2]:

wherex; belongs to the patk,,. Under gauge transforma-

tions with a gauge functiofl(z),
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U(Cy—U%(Cy=0(y) U(Cy) Q' (x). (7) by a path integral, have been undertaken in Rgs5]. The
path integral representations have been derived for Wilson
loops in terms of gauge degrees of freed@msonic vari-

We would like to stress that this equation is valid even if the2Pl€3 [3,4] and fermionic degrees of freedo(Grassmann

gauge functiond)(x) and Q(y) differ significantly for ad- variableg [5]. For the derivation of the quoted path integral
jacent points< andy. representations for Wilson loop different mathematical ma-

As has been postulated by Wilspt the average value of chineries have been used. Below we discuss the derivation of
the Wilson loop(W(C)) in the confinement regime should the path integral representation for Wilson loops in terms of
show area-law falloff 1]: gauge degrees of freedom by using well-known properties of

group characters. In this case a discretized form of path in-
tegrals is naturally provided by the properties of group char-
acters and the completeness condition of gauge functions. It
coincides with the standard discretization of Feynman path
integrals[6] and does not need any artificial regularization.
] ) o We argue that the path integral representation for Wilson
whereg and.A are the string tension and the minimal area Ofloops suggested by Diakonov and Petrov in R&f.is erro-
the loop, respectively. As usually the minimal area is a rectnegus. For the derivation of this path integral representation
angle of sizeLXT. In this case the exponewntA can be Diakonov and Petrov have used a special regularization
represented in the equivalent formm A=V(L) T, where drawing an analogy with an axial-symmetric top. The mo-
V(L)=oL is the interquark potential and is the relative ments of inertia of this top are taken finally to zero. As we
distance between quark and anti-quark. show below this path integral amounts to zero for Wilson
The paper is organized as follows. In Sec. Il we discusdoops defined folSU(2). Therefore, it is not a surprise that
the path integral representation for Wilson loops by usinghe application of this erroneous path integral representation
well-known properties of group characters. The discretizedo the evaluation of the average value of Wilson loops has
form of this path integral is naturally provided by properties!ed to the conclusion that for large loops the area-law falloff
of group characters and does not need any artificial regulatS Present for color charges taken in any irreducible repre-
ization. We derive a closed expression for Wilson loops insentationr of SU(N) [7]. This statement has not been sup-
ireducible representatignof SU(2). In Sec. Ill we extend Ported by numerical simulations within lattice Q(B]. As

the path integral representation to the gauge grugN). has been verified, e.g._in Ré¢B] for SU(3), in thecpnfined
As an example, we give an explicit representation for Wilsonph""‘f;e and at !arge dlstances, color charge; with non-zero
loops in the fundamental representationdf(3). In Secs. P]allty have tsttr_lng terr115|ons of tlhe czrrespond_lt?]g g{;q?men-
IV and V we evaluate the path integral for Wilson loops, al representation, whereas color charges wi y

. i ' ' are screened by gluons and cannot form a string at large
suggested in Ref3], for two specific gauge field configura- . ) . :
. : s ._distances. Hence, the results obtained in Rgfcannot give
tions (i) a pure gauge field in the fundamental representatior)

" . . , . a new way to check confinement in lattiee has been de-
of SU(2) and(ii) Z(2) center vortices with spatial azimuthal clared by Diakonov and Petrov.

symmetry, respectively. We show that this path integral rep- For the derivation of Wilson loops in the form of a path

resentation fails to describe the original Wilson loop for bothinte ral over aauge dearees of freedom by usina well-known
cases. In Sec. VI we show that the regularized evolution 9 gaug 9 Y 9

. . . . properties of group characters it is convenient to represent
operator in Ref{3] representing Wilson loops in the form of W(C) in terms of characters of irreducible representations of
the path integral over gauge degrees of freedom has be P

evaluated incorrectly by Diakonov and Petrov. The correc (N) [9-11

value for the evolution operator is zero. This result agrees 1

with those obtained in Secs. IV and V. In Sec. VII we criti- _

cize the removal of the oscillating factor from the evolution Wi (©) d, XLUH(Cd], ©)
operator suggested in R¢8] via a shift of energy levels of

the axial-symmetric top. We show that such a removal isyvhere the matrixU,(C,,) realizes an irreducible and
prohibited. It leads to a change of symmetry of the startingd -dimensional matrix representatiorof the groupSU(N)
system fromSU(2) to U(2). Keeping the oscillating factor with the characteg[U,(Cy)]=tr[U,(Cy)].

one gets a vanishing value of Wilson loops in agreement |n order to introduce the path integral over gauge degrees
with our results in Secs. IV, V, and VI. In the Appendix we of freedom we suggest to use

evaluate the coefficients of the expansion used for the path
integrals in Secs. IV and V.

(W(C))~e 74, 8

1
| posualiovI-TxUNL (o

Il. PATH INTEGRAL REPRESENTATION

FOR WILSON LOOPS where the matricebl, andV, belong to the irreducible rep-

resentatiorr, andD(), is the Haar measure normalized to
Attempts to derive a path integral representation for Wil-unity /D, =1. The completeness condition for gauge func-
son loops(1), where the path ordering operator is replacedtions ), reads
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1 .
| DOUOD (O, o Bapy sy 0D 11 00, 60=im [ D)
r [S3

n—o

By using the completeness condition it is convenient to rep-
resent the Wilson loop in the form of the integral X | DQ(Xn-g) - [ DO(x)

=1 (17)

Thus, for the determination of the path integral over gauge
) ] degrees of freedor(il6) we do not need to use any regular-
According to Eq.(3) and Eq.(5) the matrixU,(C,,) can be jzation, since the discretization given by E¢&4) and (15)

1
Wr(C):d_f DO ()X[Q (U (Co) Q] (0)]. (12)

decomposed in are well defined.
_ We would like to emphasize that E(L6) is a continuum
Ur(Cxd = lIMU(Cyx  JU(Cy ). Ur(Cyx) analogy of the lattice version of the path integral over gauge
N degrees of freedom for Wilson loops used in E213 of
% Ur(cxlx)- (13 Ref. [11] for the evaluation of the average value of Wilson

loops in connection wittZ(2) center vortices.
Now let us proceed to the evaluation of the characters
X[U?(kaxkfl)]' Due to the infinitesimality of the segments

C we can omit the path ordering operator in the defi-

Substituting Eq(13) in Eq. (12) and applying 6 —1)—times
Eq. (10) we end up with

XXy —1
1 nition of U?(kaxkfl) [2]. This allows us to evaluate the
Wr(C)=? J'mf J DQ(xy) - .- Q(Xn) charactery[ Uy (Cyx, )] with Uf(Cy ) taken in the
' form [2]
XA XL Qe (XU (Cy . ) (X 1)] .. drx
Q _ : Q
X[ (x) U, (Cyu ) (X0)]. (14 Ur (Crpq_ ) =expig fc XA 00 (18

XiXk—1

Using reIationsQ,(xk)Ur(Ckakfl)Q:(xk,l)=U?(kaxk71) Of course, the relation given by EL8) is only defined in
we get the sense of a meanvalue over an infinitesimal segment
Crexe_ s Therefore, it can be regarded to some extent as a
1 smoothness condition. Unlike the smoothness condition used

W (C)=— lim f e f DO (X1) - .. DOQ(Xp) by Diakonov and Petroy3] Eq. (18) does not corrupt the
dr noe Wilson loop represented by the path integral over the gauge

<dr TUR(C dA U _ degrees of freedom.
XLUr(Co, )] XLU(Cop)] The evaluation of the characters@f'(C,,y, ) given by

(15 Eqg. (18) runs as follows. First let us consider the simplest
case, theSU(2) gauge group, where we have=|j

The integrations ovef),(x) (k=1,...n) are well de- —01/2,1... and d;=2j+1. The character
fined. These are standard integrations on the compact Liery®(c, . )] is equal to[9,10,13
groupSU(N). Pk

We should emphasize that the integrations ofe(x,) j
(k=1,...n) are not correlated and should be carried out X[U,—Q(kaxk )= > (mj|uJ9(cxkxk 1)|mj)
independently. - mj=-] -

Since Eq.(11) is the completeness condition for group j
elements, the discretization of Wilson _Ioops_ gi\_/en by Egs. = > ém @[kaxkil;AQ], (19)
(14) and(15) reproduces the standard discretization of Feyn- m=—]
man path integralf6] where infinitesimal time steps can be
described by a classical motion. Therefore, the discretizewherem; is the magnetic color quantum numbégm;) and
expression(15) can be represented formally by m; ®[C,,, ,;A”] are the eigenstates and eigenvalues of the
operator

1

Wcz—f d, DQ,()]x[UXC]. (16 .

(0= ) 1L [ DOV (C]. (19 q)[CXkail;AQ]:gL XA, (20

XiXk—1

Conversely the evaluation of this path integral corresponds . 0 0
to the discretization given by Eqél4) and (15). The mea- €. ®[Cyyx A"]|m) =m; ®[C,, A"][m;). The
sure of the integration ove2,(x) is well defined and nor- standard procedure for the evaluation of the eigenvalues
malized to unity gives®[C, ,, ;A% in the form
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0 - Integrating outse[0,1] we arrive at Eq(24).
PCx A ]:ch VO, [AT](x)dx,dx,, (2D) Using Eq.(24) we obtain the metric tensay, [A%](x) in
k-1 the form
where the metric tensor can be given formally by the expres- L
sion gu,,[AQ](x)ZZXC,xBfO fo dsdsss Gy, (xs)Gg,(xs')]
9, [A%100 =2 t{AZAT(X). (22 L
In order to find an explicit expression for the metric tensor :Zxaxﬁfo fo dsdsss'tr[(xs)G,,(Xs)
we should fix a gauge. As an example let us take the Fock-
Schwinger gauge XQY(x9)Q(xs )G, (xs)QT(xs)]. (27)
XA, (X)=0. (23

For the derivation of Eq.(27) we define the operator
. Q . . .
In this case the gauge fiell,(x) can be expressed in terms P[Cy_»A"] Of Eq. (20) following the definition of the

of the field strength tensdg ,,(x) as follows: phase of the parallel transport opera!tt(erkxkfl) given by

. Ea. (4) [2]

A,L(x)zf0 dssx, G,,(xs). (24
®[kaxk71;AQ]:gJ dX,LA,(f(X)

This can be proven by using the obvious relation CoiXi1
X0 G 0 (X) = X9 0A L, (X) = X A (X) =19 [ XA (X) A, (X) ] = (X Xk—1) A (X 1)

Jd 1 Q

:A,L(X)JFXQEA#(X), (25 :(Xk_xk—l),ufo dss X 1 G,pu(Xk-19).

valid for the Fock-Schwinger gauge,A,(x)=0. Replacing (28)

X—XS we can represent the right-hand sidRHS) of Eq. ] o
(25) as a total derivative with respect o The parametes is to some extent an order parameter distin-

guishing the gauge functior@(x,) and Q(x,_1) entering
B d . d the relation (x,)U(Cy,, )2 (- 1)=U(Cyx,_)-
SX“G““(XS)_A”(XS)+X“@A"(XS)_ as SAux9)]. Substituting Eq(19) in Eq. (15) we arrive at the expres-
(26) sion for Wilson loops defined fos U(2)

j
. . g mm
w,-(C)=_—2||meQj(xn)(2J+1) > €9mie, Vg, [A](x) dx,dx,
2]+ 1) n—e mfn)=*j
j g min-1)
x [ D0y @i+ X eom e, G AT dx,dx,
m_(n—l):ij
J
j g m®
xf DQ(x) (2j+1) X €9M Je,\g, [AY](X) dx,dx,. (29)
m(l):—j
]
The magnetic quantum numbmfk) (k=1, ..., n) belongs to the infinitesimal segmedy . WhereCXn+lxn=CXlxn.

In compact form Eq(29) can be written as a path integral over gauge functions

1 _
(C)= —— . i ig$em; (%) (0
W,(C) (2j+1)2f X];[C DQ;(x) {mjz(x)} (2j+1) €9%em® g TA%](X) dx,dx,. (30)

The integrals along the infinitesimal segme@ts,  we determine af2]
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f Mi(X) VO, LA"T(X) dX,dx,=m;(X-1) VO, LA T(X—1) Ax, Ax,=m{* g, [AY](x_1) Ax, AX,, (31)

XiXk—1

where AX=X,—Xy_1. values of the color magnetic quantum numivey of the
Comparing the path integr&B0) with that suggested in given irreducible representatign
Eq. (23) of Ref. [3] one finds rather strong disagreement. The repeated application of E¢LO) induces that the in-
First, this concerns the contribution of different statgsof  tegrations over the gauge functionxatare completely inde-
the representation In the case of the path integr@0) there  pendent of the integrations &t..,. There is no mechanism
is a summation over all values of the magnetic color quanwhich leads to gauge functions smoothly varying with
tum numbem; , whereas the representation of R&] con-  x, (k=1, ... n). In this sense the situation is opposite to the
tains only one term witim; = j. Second, Refl3] claims that quantum mechanical path integral. In quantum mechanics
in the integrand of their path integral the exponent shouldhe integration over all paths is restricted by the kinetic term
depend only on the gauge field projected onto the third axisf the Lagrange function. In the semiclassical limit-0
in color space. However, this is only possible if the gaugedue to the kinetic term the fluctuations of all trajectories are
functions are slowly varying with, i.e., Q(x) Q" (x,_1) shrunk to zero around a classical trajectory. However, in the
=1. In this case the parallel transport operaﬂé}(cxkxkﬂ) case of the integration over gauge functions for the path in-
would read[13] tegral representation of the Wilson loop, there is neither a
suppression factor nor a semiclassical limit like-0. The
o ) Q key point of the application of Eq10) and, therefore, the
U™(Cxp_,) =€XPIG fc dx, A, (X) path integral representation for Wilson loops is that all inte-
e grations overQ)(x,) (k=1, ... n) are completely indepen-
=1+ig(x—X%_1)-A%x_1), (32 dent and can differ substantially even if the points, where the
gauge function€)(x,) andQ(x,_,) are defined, are infini-

and the evaluation of the charact)g[UJQ(C ] would  tesimally close to each other.

run as follows: e For the derivation of Eq(23) of Ref. [3] Diakonov and
Petrov have used at an intermediate step a regularization
<mj|[UjQ(kaxk,1)]|mj> drawing an analogy with an axial-symmetric top with mo-
ments of inertial, and I;. Within this regularization the
=1+(tf‘)mjmj i g (X—Xp—1) - [A% (X, 1)]@ evolution operator representing Wilson loops has been re-
placed by a path integral over dynamical variables of this
=1+mjig (X=X 1) - [A (X 1)]® axial-symmetric top which correspond to gauge degrees of
_ By 1(a) freedom of the non-Abelian gauge field. The regularized ex-
=g 9y, IXu MOILAL T (33)  pression of the evolution operator has been obtained in the

limit 1, ,I;,—0. The moments of inertia have been used as
where we have used the matrix elements of the generators garameters likds— 0. Unfortunately, as we show in Sec. VI
SU(2), i.e. (t?)mjmj:mj 5. More generally the exponent the limit |, ,1j—0 has been evaluated incorrectly.
on the RHS of Eq(33) can be written as

Ill. THE SU(N) EXTENSION

9) 3
fc dx,, mj(x) [A,(x)]¢®) The extension of the path integral representation given in
W1 Eg. (32 to SU(N) is rather straightforward and reduces to
. the evaluation of the character of the maﬂd?(cxkxkfl) in
:ZJ . dx, m) A, 01 B4 the irreducible representatiorof SU(N). The character can
K be given by[12]
This gives the path integral representation for Wilson loops
defined forSU(2) in the following form:

N—-1

Q H A0
MUR(Cypy, 1=t € 2 HiOC A%

W-(C)=;f IT pox > @j+1 s A0
i (2j+1)2) xee J (M0} :Z Y el M ®[Cqy A% (3p)
mr
« @2ig$cdx, m;(x) tr[thﬁ(x)] _ (35)
where H; (I=1,... N—1) are diagonald, Xd, traceless
The exponent contains the gauge field projected onto thmatri_ces realizing the representation of the Cartan subalge-
third axis in color spaceftt’A;/(x)]. Nevertheless, Eq35)  bra, i.e.[H,,H,.]=0, of the generators of th®U(N) [12].
differs from Eq.(23) of Ref.[3] by a summation over all The sum runs over all the weighits,=(m, 1, ... M, n_1)
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of the irreducible representaticnrandy,;1r is the multiplicity  Let us consider in more details the path integral representa-
tion of Wilson loops defined for the fundamental representa-

of the weightm, and=: v, =d,. The components of the
ghtmy my Y m, = G P tion 3 of SU(3). Thecharactery[UZ(C)] is defined as

vector®[C, ,, ;A"] are defined by

. Xa[ug(c)]:tr(eiHldJl[C;A“]+iH2¢2[C;A“] )
O[Cyy A ]=gf o1 [o(x)], (37) = -

XK1 _ e—i¢2[C;AQ]/3+ ei(IJl[C;AQ]/Z\@ eiCI)Z[C;AQ]IG

where we have introduced the notatian(x)=tw?(x) + el P1[CiA23 i b, C;AM /6 (39)
=dz- A%(x). The functionsp, [ w(x)] are proportional to the ’

roots of the equation dab(x) —A]=0. 3 8
The path integral representation of Wilson loops definedVnereH:=t /y3 andH,=t%3 [12]. For the representa-

for the irreducible representatianof SU(N) reads tion 3 of SU(3) the equation di>—\]=0 takes the form

1 1

W,(C)=— H DO,(X) 2 dr ¥ N3\ St w¥(x) — detw(x) =0. (40)
df {m ()}
X gl 99cm (9 ¢ ()] (38 The roots of Eq(40) read

1 ( 1 5\/ totr(t?w?(x))
M=_ 2 _ -
A 5 Vir “(x) co 3 arcco 2 de[ 1+12 T 1 )

. (1 5\/ t3tr(t2w?(x))
_ﬁ tr w?(x) sin §arcco 2 de 1+12W

a a,6 .2
rCCOS\/Z de[l 12— e (x))
tr w2(X)
). (41

(AJII—‘

1
A®=—— trv?(x) co s(
6 firo?0

1 1 5\/ R Etr(tw?(x)
+E trw (x) sin| §arcco 2detl trwz(x)

a a, 2
NGB = \/>\/trw2(x) cos(—arCCOS\/Z de[l 12— ("))

tr w?(X)

In terms of the roots. () (i=1,2,3) the phase®, { C;A%] are defined as

— a a 2 1
®,[C:AY=—g\6 ﬁ:msin(%aI‘CCOS\/z de 1+12% )

(42

= a a 2 1
D,[C:AY= g6 j;cmcm(%arccos\/Z de 1+12% )

where tro?(x)=3 gW[AQ](x) dx,dx,. Thus, in the fundamental representatBJthe path integral representation for Wilson
loops reads

1 : ) i ) . . o . - .
W,4(C)= §J' HC [DQ4(X)X 3] (eld)l[C,AQ]/ZvSel<I>2[C,AQ]/6+eﬂ(I)l[C,AQ]/Z\sS e|¢2[c,A9]/6+e—ubz[c,AQ]/s)’ (43)
S R S

where the phase®, 4 C;A] are given by Eq(42).
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IV. WILSON LOOP FOR PURE GAUGE FIELD arbitrary contourC and an irreducible representatidnof
SU(2): W,(C)=1.

Let us focus now on the path integral representation sug-
v\gested in Ref[3]:

As has been pointed out in R¢8] the path integral over
gauge degrees of freedom representing Wilson la®pst of
the Feynman type, therefore, it depends explicitly on ho
one “understands” it, i.e. how it is discretized and regular- _ 3.0
ized We would like to emphasize that thregularization W;(C)= | [I DQ(x)e2Iofed tIFAMI - (44)
procedureapplied in Ref.[3] has led to an expression for xeC
Wilson loops which supports the hypothesis of maximalwhere all matrices are taken in the irreducible representation
Abelian projection[14]. According to this hypothesis only J. Following the discretization suggested in Rif] we ar-
Abelian degrees of freedom of non-Abelian gauge fields argjve at the expression
responsible for confinement. This is to full extent a dynami-
cal hypothesis. It is quite obvious that such a dynamical hy- ) n 2i3gf dx, t[PA%(0]
pothesis cannot be derived only by means of a regularization W,(C)= lim k[[l f D O(X) €779 C 0 A
procedure. e (45)

In order to show that the problem touched in this paper is
not of marginal interest and to check if path integral eXIOreSSettingAM(x)=0#U(X)UT(X)/ig we get
sions that look differently superficially could actually com-
pute the same number we evaluate below explicitly the path
integrals representing Wilson loop for a puséJ(2) gauge
field. As has been stated in R¢B] for Wilson loopsC a )
gauge fieldalong a given curve can be always written as a BY @ gauge transformatiaf (x) U (x)—(2(x) we reduce Eq.
“pure gauge” and the derivation of the path integral repre- (44 to the form
sentation for Wilson loops can be provided for the gauge
field takenwithout loss of generality in the “pure gauge” W;(C)= | TT DQ(x) e2¥cdx, t¥7,00007001 (47
form. We would like to show that for the puieU(2) gauge xeC
field the path integral representation for Wilson loops sug
gested in Ref[3] fails for a correct description of Wilson
loops. Since a pure gauge field is equivalent to a zero gau
field Wilson loops should be unity.

Of course, any correct path integral representation f0(/e
Wilson loops should lead to the same result. The evaluatioe:
of Wilson loops within the path integral representation Eq.
(16) is rather trivial and transparent. Indeed, we have not
corrupted the starting expression for Wilson logsby any 1
artificial regularization. Thereby, the general formils) W1/2(C):j IT bpacs) epr’ dstr
evaluated through the discretization given by EG$) and 0=s=1 0
(14) is completely identical to the original expressi). (48)
The former gives a unit value for Wilson loops defined for anThe discretized form of the path integi@®) is given by

1
A2<x>=5aﬁ<ﬂ<x>U<x>)(ﬂ<x)U(x>)*. (46)

For simplicity we consider Wilson loops in the fundamental
representation o8U(2), Wy»(C). The result can be gener-
Hized to any irreducible representatidn

For the evaluation of the path integral E¢7) it is con-
nient to use a standasdparametrization of Wilson loops
[2]: x,—X,(s), with s[0,1] andx,(0)=x,(1)=X,,.

The Wilson loop(47) reads in thes parametrization

Q(s)

d
3
tds

Qf(s)

n
Q-0
WJ(C):nmf 11 Dleprskatr{ﬁMQd
noed k=1 ’ Asiy 1k

n
=lim | [ DO, et %12
k=1

n—oo

= |im f f DQ,DO, DO, ,...DO, XM 1] @20 10 5] otlt*0,0]] {01070 (49)
n—oo

whereQ ., 1=Q;. where the coefficients;(z) are defined by the expansion
For the subsequent integration ov@g we suggest to use [15]
a formula of Ref[15] modified for our case

2
f DO eztr[t3AQT+ Bt3Q] _ 2 aj(2)

> 511 Ml()7AB], (50 eZ"“3U1=; aj(2) x;[t3U]. (51)
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In the particular case=2J and for the fundamental repre-
sentation)=1/2 we havez=1. The trace fitU] in the ex-
ponent of the LHS of Eq(51) should be evaluated for the
fundamental representation 8U(2). By virtue of the or-
thogonality relation for charactef9,10,15

f DU x;[AU™] xj [UB]= 1x,[AB] (52)
where DU is the Haar measure for theU(2) group, the
coefficientsa;(z) for j#0 can be determined HyL5]

3 3
) - T+31)T7 az tr[t°U]
a;(2) j(j+1)j DU x;[t°U"] e . (53
We have used here that[ (t%)?]=](j+1)(2j+1)/3. The
coefficientag(z) is defined by
ao(z)zf DU e? !Vl (54)
The coefﬂuentsaJ(z) obey a completeness condition. For its
derivation we notice that[tr®U’]= —tr[t3U] which can be
easily seen from the standard parametrization of the midtrix

in terms of an angle> and a unit vecton [see Eq(3.96) of
Ref. [10]]

® . P
+|q;n 72 _ RS
U=e cosz+ ( )st,
(55)
P L T 2
T aien-72_ S . -
U'=e cos2 i(n r)smz,
The expansion 082 °U'l we represent as follows:
MU= b,(2) x;[t2UT]. (56)
i

L_et us show thab_j(z) =aj(2). Using the orthogonality rela-
tion (52) we obtain

bi(z)= fDu xi[tSU]eZ”[tBUT], j#0,

S
G+

PHYSICAL REVIEW D 62 025019

Then, making the change™—U we getb;(z)=a;(2) by
virtue of the invariance of the Haar measumal =DU.

Thus, taking the product of the expansidbd) and (56)
with b;(z) =a;(z) and integrating ovet we get

f DU e ztr[t3U] e zt[t3u ]

=§j) 2 aj(z) aj,(z)J DU x;[t3U™] x; [t3U]
]

a’(z) 1
o al(71=a8+ 3, i+ D af(2).

2
(58)

The LHS of Eq.(58) is equal to unity due to the relation
tr[t3UT]= —t[t°U] and the normalization of the Haar mea-
sure/DU= 1. Therefore, the completeness condition for the
coefficientsa;(z) reads

1
ag<z)+§0 3G+ a’(z)=1. (59)

The coefficientag(z) we evaluate below. The evaluation of
coefficientsa;(z) for an arbitraryj is given in the Appendix.
For the evaluation oBy(z) one can use, for example, the
standard parametrizatidip5) and the definition of the Haar
measureDU [see Eq(3.97) of Ref.[10]]

1
DU=_~;d0;dg sinzg, (60)

whered();; is the uniform measure on the unit sph&d9].
As a result forag(z) we obtain

ag(z)= J DU e?'IPU=27,(2)/z, (61)

whereJ;(z) is a Bessel functiofil6]. In the particular case,
z=1, we getag(1)=a,=2J,(1)=0.88[16].

(57 For the integration ovef), we suppose, first, thatis an
bo(Z)ZJ DU e2tMtu’] \ev\éecn)brl;mber. Then, integrating oM@, _,, O3, ..., Q4
|
2
W1/2(C)= lim f PR f DQnDanzDQn,4 . DQZ]E (ZJI‘] l+ 1) ——|—1 Xjn_l[(t:a)anQE,z]
n—o n-1
a 2 2
X2 (2in-at1) z,—+1 Xin L QnaQia) - 2 (21atD) |57 +1 Xi [ (19)7240])]
2
3\2 T
xZ (2j2+1) | 57 +1 X, (1320011, (62)

where we have denoteaj(1)=a; .
After the integration ovef),, Q,_5, ...,

), we arrive at the expression
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Wy C)= lim 2 (2j+1) 2]+1 XiL(t%)"]
—I|m a0+2 (2j+1) 21+1 Xi[(t3)“])
=lim D (2j+1) & | (3" (63
N |50 : 2j+1] X ’

where we have used that lim..ag=0 by virtue of the rela-
tion ap=2J,(1)=0.88<1 given by Eq.(61).

The expressiori63) is valid too if n is an odd number.
However, in this casqj[(t3)”]=0 and we get immediately
Wy(C)=0.

In order to estimatqj[(t3)”] for nan even number and at
n—oo we suggest to apply the following procedure:

i i i
(n+1) (i=
3 ny_— n_ ms
)= 3 == S e
T(n+1) pie SETDZ 4
- 2i J'7|oc S n+1 (64)
Shi

As n—x, we can evaluate the integral oveby using the
saddle-point approach and gef (t*)"]=j".
The Wilson loop is then defined by

Wy (C)=lim X, (2j+1)

N >0 2j+l
=lim > (2j+1) ;{ In| 3 (65)
_nmpo( J eXHn n2j+1

By using the completeness condition for the coefficieats
given by Eq.(59) we obtain the constraint

PHYSICAL REVIEW D 62 025019

j 1 j 1
<V~ V13771~ Vir12+1

(66)

b

This proves that the Wilson looj/,,,(C) vanishes in the
limit n— o0, Wy,,(C)=0.

Thus, the Wilson loofW,,5(C) for an arbitrary contou€
and a pure gauge field represented by the path integral de-
rived in Ref.[3] vanishes, instead of being equal to unity,
W,,5(C)=1. This shows that the path integral representation
suggested in Ref3] fails for the correct description of Wil-
son loops.

V. WILSON LOOP FOR Z(2) CENTER VORTICES

In this section we evaluate explicitly the path integr)
for Wilson loops pierced by Z(2) center vortex with spatial
azimuthal symmetry. Some problems4if2) center vortices
with spatial azimuthal symmetry have been analyzed by Dia-
konov in his recent publicatiofil7] for the gauge group
SU(2). In this system the main dynamical variable is the
azimuthal component of the non-Abelian gauge fiayp)
(a=1,2,3) depending only op, the radius in the transversal
plane. For a circular Wilson loop in the irreducible represen-
tation J one gets

1
Wilp)= 5377 2 g!2mmele)
1 sin(23+ 1) mu(p)]
S 2J+1 simu(p)] ' 67

wherewu(p) = p\A%(p)A%(p). The gauge coupling constant
g is included in the definition of the gauge field. For Wilson

loops in the fundamental representatiba 1/2 we have
Wyo(p)=cog mu(p)]. (68)

In the case ofZ(2) center vortices with spatial azimuthal
symmetry and for the fundamental representatiors of2)
Eq. (45) takes the form

Wyo(p)=lim H fDQ el (3 27p/n) Q1 1A 4() O + 5044 101

n—oo K=

= Iimj ...fDQnDQn,lDQn,Z...DQle““3<iZ”P/“)QnA¢<P>QE-1+t30nﬂl_11

Xetr[t?’(i2wp/n)Qn_1A¢(p)9;_2+t30n_19;_z] o

« etr[t3(i2wp/n)QlAd,(p)Qj]+t3nln§],

where we have useﬁxkﬂ)(k

etr[t3(i2wp/n)02A¢(p)QI+ISQZQI]

(69

=2mp/n, Q(x)=Q andQ,,1=Q1.

For the subsequent evaluation it is convenient to introduce the matrix

Q(A¢)=

2T
1+i ?pAd,(p) .

(70
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In terms ofQ(A,) the path integra(69) reads
. T
Wys(p)=lim f o f DQ,DQ, ;DQ, ,...DQ, M UmAN, 1]
n—oe

X - 1Q(ANQ) 5l | @tl0Q(A0Q]] o 110 Q(AR ] (71)

The integration ovef), we carry out with the help of Eq50) taken in the from

2
3 T t 3 i
f DQk etr[t Qi 1Q(AR Q)+ Q(AL) Ly 170 ] — 2 2] 1 Xj[(tg)zﬂk-%—le(Aq})Ql— 1] (72)
and the orthogonality relatio(62). The coefficientsa; obey the completeness conditi@B®) with the constraint{66).

The numbemn may be both even or odd. Latbe an even number, then integrating o0gy_,, Qp_3, ..., Q4 by using
Eq. (72) we obtain

2
a.
. . In-
Wyo(p) = ||mf f DQ.DQ DOy 4. .. DOy Y (2f-1+1) — Xi ,l[(tS)ZQnQZ(AMQE—z]
n—o Jn—1 2]n—l+1 n
g ? i |°
. n-3 ) 3\ 2 2 t . 4
XES (2jp-3+1) 21 o1 X, (1) 2Q%(Ag) 2y 4] 124 (2j4+1) 2t 1
a]- 2
. 2
><xj4[<t3>2ﬂ4Q2<A¢>n£]j2 (2i21 D) 57| X[ () 02Q%(A) Q). (73)
2
The integration ovef},, Q, ,, ..., Q, gives
Wp)=lim S (2j+1)| =2 " [ ba, 0.0 A
ap im 2, (2j+ ) 2i+1 nXJ[(t) nQ"( ¢) nl
n—oo ] J
“im (@S, || 9 QA
n—o 0 1>0 2J+l A A ¢
a]- n
— i . 3\n . n
lim 2 55| ML TR A, (74
|
where we have set lij,..aj=0. Substituting Eq(76) in Eqg. (75) we obtain
The integration ovef), we have carried out by means of . NI (21 +1
Eq. (11). One can easily show that E74) is also valid for . p)=m S, 13 S'r{(_J )mi(p)] 77)
odd n, as well as Eq(55). In this case due to the relation nw (2021 sif7mu(p)]

x;[(t3)"]=0 we obtain agaiW(p)=0. _ _ _ _

For evenn we should use the relatiog[ (t)"]=j" atn Due to the constraint E¢66) the Wilson loop vanishes in
.o which follows from Eq.(56). This reduces the RHS of the limitn—c, Wy;(p)=0. Thus, we have shown that the
Eq. (73) to the form the path mtegral for V\./|Isonlloops_suggested in R&f.gives

. zero( f;)r 8 field tcor:jﬂgurfaﬂct)rr: with fZ(Zt) cent(Iat(N vo(rte)x,
W =0, instead o e correct resu
xlQ"AYL, (79 I%:/(?)Spwu(p), Eq. (68). vap

We hope that the examples considered in Sec. IV and V
demonstrate that the path integral representation for Wilson
loops derived in Ref[3] is erroneous. Nevertheless, in Sec.

2 n VI we evaluate explicitly the regularized evolution operator
1+i P A¢(P)) } ZredR2,R;) suggested by Diakonov and Petrov for the rep-
resentation of the Wilson loop in Rdf3]. We show that this
=~ Xj[eiZWPAqs(P)] regularized evolution operata@iz.{R;,R;) has been evalu-

] ] ated incorrectly in Ref[3]. The correct evaluation gives
=SIr[(2j +1)7u(p)] ZredR2,R;)=0 which agrees with our results obtained
si7u(p)] above.

. ja;
W = |lim -

The evaluation of the charactgt[ Q"(A,)] for n—o runs
as follows:

Xi[Q"(Ag]=x;

(76)
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VI. PATH INTEGRAL FOR THE EVOLUTION [see EQq.(19 of Ref.[3]]. According to the prescription of
OPERATOR Z(R,,R;) Ref. [3] one should take the limité—0 andl,l, —0 but
keeping the ratios; /5, where {=|,L), much greater than

As has been suggested in Rdf3] the functional

Z(R,,R;) defined by(see Eq.(8) of Ref.[3]) unity, 1;/6>1.

Let us rewrite the exponent of the integrand of ERY) in

equivalent form
| [_lll N+1 . N
. 1
Zred Rn+1:R0) 'm(ZTrié 27Ti5) fnl;[l dR,

= |
whereR=dR/dt andT=1/2,1,3/2.. .. is thecolor isospin '}:g

R, ) ty .
Z(RZ'Rl)ZL DR(t)exp{ﬂjt Tr(iR R7-3)), (78)

guantum number, should be regularized by the analogy to an
axial-symmetric top. The regularized expression has been . |_¢ 2
defined in Eq(9) of Ref.[3] by xXex nzo I 55(TrVaTa)
ZeedRoRY= | DR exel 1 [ P51, (02402 S 2_
red R2:R1) (t)exp i 1 (Q1+Q%) i (TrVpry)“— T(TrV,73) | |
R, t, 12 25

1 (83)
+§|“Q3+T93

) : (79

Now let us show that i/, is a rotation in the fundamental

) representation o8 U(2), so
whereQ =i Tr(R R7,) are angular velocities of the top,

are Pauli matricea=1,2,3,1, andl are the moments of (TrVp7a)?=—4+(TrVv,)>2 (84)
inertia of the top which should be taken to zero. According

to the prescription of Ref.3] one should take first the limit For this aim, first, recall that

1|0 and therl, —0. Tr (Vara) == Tr (Vi) (85
For the confirmation of the result, given in EA.3) of
Ref. [3], SinceV,, is a rotation matrix in the fundamental representa-
tion of SU(2), it can betaken in the general standard param-
Zred R2,R1)=(2T+1) D$T( RZRI), (80) eterization given by Eq(55). By virtue of the relation(85)

we can rewrite (TW,7,)? as follows:
whereDT(U) is a Wigner rotational matrix in the represen- ) +
tation T, the authors of Ref[3] suggested to evaluate the  (TrVa7a)*=—=Tr(Vy7a)Tr(Vy7a)

evolution operatof79) explicitly by means of the discretiza- 1 1
tion of the path integral oveR. The discretized form of the =—2 Tr((vn——Tr Vn)(vg_ —Trvn))
evolution operator Eq(79) is given by Eq.(14) of Ref.[3] 2 2
and reads = =2 TH(RR}4Ro RO+ (TTV,)?
Zred Rn+1,Ro) =—2Tr1+(TrV,)?=—4+(TrV,)>2 (86
N . .
I By using the relation Eq.84) we can recast the RHS of Eq.
=limN H dR,ex 2 ( — i —L[(TrVnTl)z (8)?3) intogthe form a8 .
N— o0 n=1 n=0 26
5—0 I IH N+1
. 1L
| Zged Rn+1,Ro) = Iim ( - _>
+(TrVym)?]— | %(Trvnrg)z— T(TrVnTg)”, Noo 2mo N 2mo

n=1 "

xex;{ iN(N+1)%)
where R,=R(s,) with s,=t;+né and Q,

=iTr (RnRLlra)/a is the discretized analogy of the angular

velocities[3] and V,=R,R!, ; are the relative orientations Xex;{
of the top at neighbouring points. The normalization fagtor
is determined by

an
nZO (— i Z(),(Trvn)2

il (TrV,74)2— T(TrVnT3)”.

N W N+1 26
Nz(zwia m) ' 82 (87)

Now let us proceed to the evaluation of the integrals over
R,(n=1,2,...N). For this aim it is convenient to rewrite
We are using the notations of R¢8]. the RHS of Eq.(87) in the following form:
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| I N+1 I
(2;5\/%3) exp(iN(N+1)§) JJ ...JdeNdRN,l...ddeR1

|
><exp< —i 2—3[(Tr RaRIL )2+ (TrRy_1RL)Z+ ... +(TrR,RD 2+ (TrRyR)?]

Zred Rn+1,Ro)= lim
N— o
5—0

=
— 1 == [(TrRyRY; 1 79) *+ (T Ry 1R )2+ .+ (TrRyRI73) %+ (TrRiR)73) ]

—T[Tr(RyRY;173) + Tr(Ry_1Ri73) + .. .+Tr(R2R{T3)+Tr(R1RgT3)]>. (89)

In the fundamental representation and the parametrizti®h(see Appendixwe have
Bn+1 E{andl"}’n_ an+1+7n+1) Bn Bn+1c05< ™ In an+1_7n+1)

TrV,=Tr(R.R!,)=2 cos%cos > 5 5 +2 sin7sin 5 5 5

—2¢o Bn—Bn+1 o An=™ dptg o Yn™ Yn+1 _2co Bnt Bni1 sin an— dpyg sin Yn™ Yn+1
2 2 2 2 2 2 ’

apt yn . ani1t Yot Y Sin&Sian—l
2 2 2 2

Tr(Vo7a) =Tr(R,R], 173) = — 2i Cos%cos'g';rl '

2 2

—_2ico Bn— Bn+1 o An =™ dptg sin Yn™ Vn+1 _2ico Bnt Bnt1 sirl An=™ dpty o Yn™ Yn+1
2 2 2 2 2 2 ’
(89

[T Yn  Qn+17 Yn+i
X sin

The Haar measurB, is defined by[see Eq(A2)]:

1
DR,= sinB,dB,da,dy,. (90

n
872

Due to the assumptioh /6>1, where {=||,L), the integrals oveR, are concentrated around unit elements. Expanding
Tr(V,) and Tr(V,73) around unit elements we get

1 1
TrVo=Tr(RiRy 1) =2= 7 (Ba=Bns1) >~ 7 (@n— i1t 1~ Ynid)?,

. _ (92)
Tr (VnT3)=TI’(Ran+17'3)= —i(ap=ani1t¥n= Ynr1)-
For the subsequent integration it is convenient to make a change of variables
ant ¥n
2 - yn '
(92
An= Yn— U
The Jacobian of this transformation is equal to unity. After this change of variédlgseads
T 1 2 2
TrVy=Tr(R,Rp;1)=2— Z(IBn_Bn+l) — (Yn= Y15
(93

Tr(Vo7a) =Tr(RyR1, 173) = =2 (¥n= ¥n+1)-

Since both Ti/,, and Tr(V,,73) do not depend omy,,, we can integrate out,. This changes only the Haar measure as
follows:

1
DRn:EIBn dBndy,. (94)
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The integration ovep,, and vy, we will carry out in the limits—o<g,<© and —wo< y,<x,
Substituting expansion®3) in the integrand of Eq(88) we obtain

o [y NN = = “ “
ZReéRNﬁ'llRO): I|m (27:'5 27T|5) (E) J‘iwd’yNJ‘ideN BNJ’,deNilJ,mdﬂNil ﬁN*l e J’—ood’yz

N— o

5—0

= - » |
X f,wd’gz’ng,xdylf,wdﬁl’gl exp{i 2_l5[(BN+1_ﬁN)2+(IBN_BN71)2+ o (Ba— Br)?

27 L) 2 2 2 2
+(B1—Bo) ]+|2_5[(7N+1_7N) F(yn—Yn-D Tt (v2— v (vi— v0) 7]

—2iT[(yns1— YN F(IN— YN T +(7’2_71)+(71_70)])

2135\/2) ( )f d?’Nf d,BN,BNf dyn-1
5o

X f_o;dﬁN—l Bn-1-"- f:dﬁ’zj:dﬁz ﬁzf:dﬁf:dﬁl B1

=g~ 2i T (yN+1—70) ||m

|
X exp(i 2_;[(:8N+1_:8N)2+(BN_:8N—1)2+ c A (Ba— B+ (B1— Bo)?]

|
+i %[(7N+1_7N)2+(7N_7N—1)2+ . -"'(72_71)2"'(’)’1_70)2]). (95)

The integration ovety, gives

© © o) o) ) |
f_ d?’Nf_ dYN—l"'f_ d?’zf_ d’}’lexl{'Z_L[(VN+1_’YN)2+(7N_7N—1)2+"'+(72_71)2+(71_70)2]

B 2m51\/2m52 \/27ri5N—1\/27ri5 N Y )
"N 2V 3NN I NFL R o s (T Y0

_(\/2m5) \/ 1 np( Iy
AT NT 1O 2N e e Y0

By taking into account the normalization factor the result of the integration pyeeads
IH N+1 o) o0 o) © IH
( \V m) fﬁwd'nyiwd'yN—l e fﬁmd?’zjﬂcd)’l eXF{ i 2_5[(7N+1_ 2+ (= Yn-1)?

o (y— 71)2+(y1—70)2])

d

meﬂ( 2(N+1)5(7N+1_70)2)
_ Iy

- ZWiAteXF{ 2At(’)’N+1 ¥0)?

where we have replaced+1) 6=t,—t;=At. The obtained result is exact. By replacihg=M, yy1—Xp, Yo— X, and

At— (tp—t,) we arrive at the expression for the Green function, the evolution operator, of a free particle with il gizes
by Eqg.(2.51) of Ref.[6].

Thus, after the integration over, the evolution operatoZge{Ryn+1,Rp) can be written in the form

ZReg(RN+1 Ro)= \ ZWlAteXr{ 2At(7N+1 70)2

whereF[1, ,Bn:1,B0] is @ functional defined by the integrals ovey

(96)

97

e 21T ONaT Y F[1 By g, Bol, (98)
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| AN+1/ 1N o " - "
Fl1.,Bn+1:B0]= lim (Fllé) (E) fﬁmdﬁN ﬁNJideBNfl Bn-1 fﬁmdﬂzﬂzfﬂodﬂl B1

N— o

6—0
My a2 (g 2 (B B4 (Be— B)2
Xexy(l 25[(:8N+1 BN (Bn—Bn-1) -+ (B2— B+ (B1— Bo) ])- (99

Formally we do not need to evaluate the functioRfl, ,Bn. 1.80] explicitly. In fact, the functionaF[ 1, ,Bn: 1,80] should
be a regular function of variablds , By, 1 and B, restricted in the limitl, —0. Therefore, taking the limity—0 for the

evolution operatoZgeq Ry +1,Ro) defined by Eq(98) we get
Z(Ry,Ry)= lim ZgpedRy+1,Rp)=0. (100

IH =0

This agrees with our results obtained in Secs. IV and V.
Nevertheless, in spite of this very definite result let us proceed to the explicit evaluation of the funefibnag8y . 1.80]-
It is convenient to rewrite the integrand of E®9) in the equivalent form
N—o

T )N(IH)NéI (5' ‘5| 6 f—m f f f
5—0

|
X eXF{i 2_3[(,3N+1_,3N)2+(5N_,3N—1)2+ <+ (Ba— B+ (B1— Bo)?

F[I.,Bn+1.B0]= lim

I
2mi o

(101

FINBNTIN-1BN-1T - 2 Bat]1B1]
INTIN—17 0 =]2=0170

After k integrations we get
o o oc » |
[“ap] " apr [ aga]” dpioni g5008 a0 (BB

+o (B B+ (Br—Bo) F ik Bt ik—1Bk—1t - +12ﬁ2+11,31])

_\/277i51\/27ri62 \/277i5k—1\/277i5 k 0 )
- 2 37V Tk k1O gk 1y 5 Po Brrd)

I I

o, k  k k-1 k k-1 k-2
xex |§Bk+1 : - : :

v Ly S [ R i v vy L
K k-1 k-2 2k k-1 k-2 21
k1 Kk k=1 32Tkr1 Tk k=13 2

+

p(ll 11 11,12 11
X ex| -

3

4

2

+oonn

(i, — 24 _
2 2(]1 BO) 2 2B0 2 3 J2+211 2B0

> I

w N -

+
I
I
I
=
A
=
o

_|_
=~ Ols>
MW w

|
[EEN

+
x ‘
=~

|
=

s ._.;2,821 ) | (102

By performingN integrations we obtain
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. . . o |
I R T BT (B T R

+ “+(ﬁz_31)2+(,31_,30)2+jr\|ﬂN““jN—lﬂN—l"""+1232+11,31])

/Zm N*L . N—1
27T|At 2At(BN+l ,30) ex ,3N+1 N+1JN N+l N IN-1

N N-1 N-1 N-2 2

TNFLON 'N—1JN 2T TNFLT N N=1 312

12_+1_12121213+2+2 12+1312

_E § J2 2]1_2180 5522 22 J3 3]2 §2]1 3130 E Z?BO
14_3+32 321 12+1412 1 N +N—1

T2 s\t glet g glet g gl gk TP TN vt T N

N—1 N-2 N-1 N-2 2 N-1 N-2 2 N 1

where we have replacedN 1) 6=t,—t;=At.
Now we can evaluate the derivatives with respedttg,, ... ,jn_1,jn- Due to the constrairt, /5>1 we can keep only
the leading order contributions in powerslof/ §>1. The result reads

2t o o
3191 P Find o Bn B Bn-1 - B2 B1€ex 25[(BN+1 Brn)%+ (Bn— Bn-1)?

+(BZ_B1)2+(BI_BO)2+jN:BN+jN—1:3N—1+‘"+j2ﬁ2+jlﬁl])

iN=In-1= - =12=01=0
2mio\ Nt 1 1 1 1 1
\ \/ZmAt 2At(’8N+1 Bo)® ﬁN+1N+1 Polt2t 23 32t NNt D
( ( R |
M| Pnaggg PPt et TR )| AvaNr T TPz T RN D
4 4 ( N N
R e o N N 3 R K W L TN E
/2| N1 1 N 2 N—1
27T|At ;{ZAt(ﬁNJrl ,30)) )(,BN+1N+1 ’80N+1 :8N+lm+:80m

3 N
<EN+1N+1 ﬁON+1 (ﬂN+1N+1 BON+1

( 2mis\N*t ] |ILN1'_\‘[ k N+1—-k
27T|At F{ 2At(BN+1 ﬁO) )( ) k=1(BN+1N+1+BO N+1 '

Substituting Eq(104) in Eqg. (101 we obtain the functionaF[I, ,Bn-1,80]

(104
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I \Nt N k N+1—k
F[IJ_ 'BN-HI. BO] F{ 2At (BN+1 BO) ) Ilm( ) 278 IL[I (BN+1N+1+BO N+1 .

N—s oo
(109

6—0
In order to understand the behavior of the functioRfl, ,Bn+1,80] in the limit N—o we suggest evaluating the product

k  N+1-k
PuoaNr TR

N
H[BN+1aﬁ0]:£l (106

at N>1 by using the regularization. In the regularization the evaluation &1[ By 1.80] runs the following way

—S

N k N+1—k) d( k N+1—k

lnH['BNH"BO]:gl |n(,3N+1N+1+,30 NT 1 :kzl(_l)d_s; ,3N+1N+l+,30 NT 1

o d % jw dz K N+1—k
T ds& JoTis) P TP NFT
d J'oo dz e BoZ_@g Bn+1Z
~ds)o I'(s) Bn+1—Bo )
l—-exp —————z

s=0

Zs—l

z

s=0

—e Boz| 51

N+1 o

w dz e PoZ—a BN+1Z 5
=—(N+1 —f 75"
N+ Gs)o T~ BrriFo
Bo °— Bnii
s—1 Bn+17Bo |,

Bn+1INBni1—Boln Bo
Bn+1—Bo

=—(N+1 d
=—( )d_s

=—(N+1)|1-

Bri 1IN~ Byln—
N+1 1N —polin—=
Bni1 Bo

IBN+1_,30
Thus, the functiodI[ By.1,80] is defined by

=—(N+1)

(107

,3N+1|ni_,30|ni
B Bo

N+1

Bnt1— Bo ’

wheree=2.71838 ... . Due to theconstraintl |, /6> 1 the Euler angle@y. ; and B, are less than unity and the ratio in Eq.
(108) is always positive

I[Bn+1,Bo]=expl —(N+1) (108

°>0. (109

The functionalF[I, ,Bn+1,B0] is then defined by

I N+1
F[1..Bn+1:80]l= \/ F( 2At(BN+l Bo) ) “m( ) ( 27;5)

N— o

6—0

e
Bn+1lno— B _5o|nB
Bn+1~ Bo

xexp| —(N+1) (110
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ThusF[l, ,Bn-1,B0] vanishes in the limitN—co. This result retains itself even if we change the normalization factor of the

evolution operator
[ IH N+1 \/T N+1
e N I
_(zma 27Ti5) (2m) ( |L) ' (113

The renormalized function&[ |, ,Bn.1.80], defined by

e e
L Iy 'BNHm,BN 1_'80|n,30
N S P4 _ 2 g _ *
FIIL . Bn+1,B0]= AL exF{' oAt (Bn+1~ Bo) )'\?LYLEXP (N+1) Brrr—Bo , (112

vanishes in the limiN—c since the Euler angle8y,; and [see Eq(5) of Ref.[3]] due to the statemef8]: The poten-
Bo are small compared with unity due to the constrainttial A(t) along a given curve can be always written as a
I,/6>1 [3]. The wvanishing of the functional “pure gauge”
F[I,,Bn+1.B0] in the limit N—oo agrees with our results
obtained in Secs. IV and V. d

Substituting Eq(112) in Eq. (98) we obtain A p(t)=i DZY(U(U)ED%(UT(U) (116)

Zred Ru+1,R0)=0. 113
red Ri+1:Ro) (13 [see Eq(4) of Ref.[3]].
This leads to the vanishing of the evolution operator BY USing the parallel transport operator E415 the Wil-
Z(R,,R,) given by Eq.(78) or Eq. (8) of Ref. [3] son loopW+(C) in the representatiom has been defined by
Z(R2 , R]_) =0.
Thus, the evolution operat@(R,,R;) suggested in Ref. _ _ T +
[3] for the description of Wilson loops in terms of path inte- WT(C)‘% Waa(t2!tl)_§ D, (U(t2)U (1))
grals over gauge degrees of freedom is equal to zero identi- (117
cally. This agrees with our results obtained in Secs. IV and
V. As we have shown the vanishing &{R;,R,) does not  [see Eq(25) of Ref.[3]]. In terms of the evolution operator
depend on the specific regularization and discretization o (R,,R,) given by Eq.(78) [see Eq.(8) of Ref. [3]] the

the pgth integral. In fact, this is an intrinsic property_of the parallel transport operatoi,4(t,,ty) has been recast into
path integral given by Eq(78) that becomes obvious if the ihe form

evaluation is carried out correctly.

VII. EVOLUTION OPERATOR Z(R,,R;) AND SHIFT WBZ(tz,tl)zf f dR,dR, >, (2T’ +1)D] (U(t,)R})
OF ENERGY LEVELS OF AN AXIAL-SYMMETRIC TOP T'\m
In this section we criticize the analysis of the evolution XDJs(RUT(11) Z(Ry,Ry), (118

operatorZ(R,,R;) carried out by Diakonov and Petrov via

the canonical quantization of the axialymmetric todsee  \yhere the index DP means that the parallel transport operator

Eqg. (12 of Ref.[3]]. Below we use the notation of RéB]. s taken in the Diakonov-Petro(DP) representation. The
The parallel transport operator Wilson loopW2"(C) in the DP representation reads

RS
Pex;{ |f A%(X) TadxM)
X(tq)

t
Pexp{if 2A(t)dt)
t1
a a ) Of course, if the DP representation were correct we should

WhereA(_t):AM(x)T dx, /dtis a tangent component of the get W?P(C)=WT(C), whereW-(C) is determined by Eq.
Yang-Mills field and T?(a=1,2,3) are the generators of 117).
SU(2) group in the representatidn has been reduced to the
form

W, s(to,ty) =

W?P<C>=J deldRz > (2T'+1) DL (U(t2)R))

T ma

ap

, (114 X Do (RUT(t))) Z(Ry,Ry). (119
ap

The regularized evolution operatdg.{R,,R;) given by
Eq. (80) [see also Eq(9) of Ref.[3]] can be represented in
T . the form of a sum over possible intermediate statés.
Wop(ta,t1) =D ,5(U(t2) U'(t1)) (119 eigenfunctions of the axial-symmetric top
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ZReg(RZ,Rl)zJ%k (2J+1) D) (R, D} (RD) WR2P(C)=> WPP(t,,t,)
x e~ 1(t27t) Eam (120 - _
:2 z Wy, (C) e "W Erm (124
[see Eq(12) of Ref.[3]], whereE},, are the eigenvalues of Tom=T
the Hamiltonian of the axial-symmetric top where W5, (C) is the Wilson loop in theT’ representation
determined by Eq(117). The relation(124) agrees to some
JJ+1)-m?> (m-T)? extent with our expansion given by E@.14).
IJm= 21, + 21 (121 Following Ref.[3] and taking the limitlj—0 we obtain

m=T. This reduces the RHS of E¢L24) to the form

[see Eq(11) of Ref.[3]]. T/(T'+1)—T2
As has been stated in Rdf3]: If we now take to zero W?P(C)=Z W5, (C) exr{—i(tz—tl)T}.

I, =0 (first I}, then I;) we see that in the sum (12) only T L

the lowest energy intermediate state survives withJwT. (125

The resulting phase factor from the lowest energy state cagqy according to the prescription of R¢8] we should take
be absorbed in the normalization factor in Eq. (9) since thatihe [imit |, —0. Following again Ref[3] and settingT’
corresponds to a shift in the energy scale. =T we arrive at the relation

The statement concerning the possibility to absorb the
fluctuating factor exp-i(t,—t;) T/21 ] in the normalization op . T
of the path integral representing the evolution operator is the W7 (C)=W(C) exp —i(ta—1ty) o1
main one allowing the RHS of Eq$118) and (119 to es- *

cape from the vanishing in the limit —0. - + . T

In reality such a removal of the fluctuating factor is pro- :Ea: D 4o(U(t2)UT(t1)) €x _'(tZ_tl)ﬁ '
hibited since this leads to the change of the starting symme-
try of the system fron8U(2) to U(2). In order to make this (126

more.transparent we suggest to mSEH‘??(RZ’Rl) %prq' Thus, Wilson loops in the DP representation differ from
.(120) Into Efq.(119) and to expr_e;;ls the W'IS?;_] loafy (daICsZa original Wilson loops by the oscillating factor €x(i,

n terfms ? a SufTh over ||00$S| etlpt?rme_rlr?te st_at.d f—t1) T/21,]. The only possibility to remove the oscillating
éigentunctions of the axia -symme ric top. 1he main 1dea Olg, o1 exp—i(t,—t;) T/21 | ] is to absorb this phase factors in
this .subst|tut|oln IS the following: as the W|Ispn loop is 2 the matricedJ (t,) andUT(t;) which describe the degrees of
physical quantity which can be measured, all irrelevant NOrs cadom of the gauge potentialt) via the relation(115
malization factors should be canceled for the evaluation of it '

Therefore, if the oscillating factor ekp i (t,—t;) T/2l | ] can This yields the changes

be really removed by a renormalization of something, the T ) — ity T/2I
Wilson loop should not depend on this factor. U(t)=U(t)=U(tz) € K (127
Substituting Eq(120) in Eqg. (119 and integrating over UT(tl)—>UT(t1)=UT(t1) o it T2,

R; andR, we obtain the following expansion for the parallel

transport operator in the DP representation: .= —
P P P However, the matriced)(t,) and U'(t;) are now the ele-

ments of theJ (2) group but not o5U(2). Thus, the shift of
the energy level of the ground state of the axial-symmetric
top suggested by Diakonov and Petrov in order to remove
(1220  the oscillating factor changes crucially the starting symmetry
of the theory fromSU(2) to U(2). Since the former is not

Settinga =B and summing over we get the DP represen- allowed the oscillating factor ekp-i(t,—ty) T/21, ] cannot be
tation for Wilson loops removed. As a result in the limlt, —0 we obtain

.
W2t t)=2 2 DigU(tp)Ul(ty) e 't Erm,
T m=-T'

W2P(C)=0. (128

WRF(C)= D, WPP(t,,t
T (C) 2(1: aalt2:1) The vanishing of Wilson loops in the DP representation

agrees with our results obtained in Secs. IV, V, and VI and

T : . . . -
_ T + Zi(ty—ty) B confirms our claim that this path integral representation of
; m:E—T’ DaalU(t)UT(ty) e . Wilson loops is incorrect.
(123 VIll. THE NON-ABELIAN STOKES THEOREM
Due to the definition(117) the RHS of Eq.(123 can be The derivation of the area-law falloff promoted great in-
rewritten in the form terests in the non-Abelian Stokes theorem expressing the ex-
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ponent of Wilson loops in terms of a surface integral over thepaths linked to the references pobn the contourC is a

2-dimensional surfac8 with the boundaryC=9S [18] necessanand asufficientcondition for the derivation of the
_ non-Abelian Stokes theorem E({.29).
tr P el 99X Aul) Due to the absence of closed paths it is rather clear that

the path integral representation for Wilson loops cannot be
—tr Pgel 9 V20 17, () UCxy) 6o U(Cy (129  applied to the derivation of the non-Abelian Stokes theorem.

In fact, the evaluation of the path integral over gauge degrees
wherePg is the surface ordering operafdi8], do*”(y) isa  of freedom demands the decomposition of the closed contour
2-dimensional surface element in 4-dimensional space-timeg into a set of infinitesimal segments which can be never
x is a current point on the contod, i.e.xe C, yis a point  closed. Let us prove this statement by assuming the con-
on the surfaceS ie. yeS, and G,,(y)=d,A,(y) verse. Suppose that by representing the path integral over
—d,A.(Y)—ig[AL(Y),A(Y)] is the field strength tensor. gauge degrees of freedom in the form of theimensional
The procedure for the derivation of the non-Abelian Stokesntegral (15) we have a closed segment. Let the segment
theorem in the form of Eq(129) contains a summation of ¢ be closed and the point’ belong to the segment
contributions of closed paths around infinitesimal areas an% X eC By using Eq.(10) we can represent the
these paths are linked to the reference priah the contour XX—1 KiXe—1" '
C via parallel transport operators. The existence of closegharacten[Us(Cy )] by

k-1

XUP(Cu, 1= XIUP(Cux ) U (Cur )T= X QX)Ur(Co)Ur(Cr JUXi-1)]
=d, f DO (%) XL (X)) U (Cox ) (X VT XLQ (X )Ur(C_ )i -1)]

~d, | DOLOMUR(C )1 MU G, )] (130

This transforms a r{—1)-dimensional integral with one resentationj of color charges. This contradicts E@®3) of
closed infinitesimal segment into mdimensional integral Ref.[3], where only term with the highest value of the color
without closed segments. Since finallytends to infinity =~ magnetic quantum numbem;=j are taken into account and
there is no closed segments for the representation for the pathe other 2 terms are lost. This loss is caused by an artificial
integral in the form of aif— 1)-dimensional integral. As this regularization procedure applied in RE3] for the definition
statement is general and valid for any path integral represer®f the path integral over gauge degrees of freedom.

tation of Wilson loops, so one can conclude that no further AS has been stated by Diakonov and Petrov in Rafthe

non-Abelian Stokes theorem can be derived within any pat@th integral over gauge degrees of freedom representing
integral approach to Wilson loops. Wilson loopsis not of the Feynman type, therefore, it de-

pends explicitly on how one “understands” it, i.e. how it is
discretized and regularizedn order tounderstandhe path
IX. CONCLUSION integral over gauge deg.ree.s of freedom Diakonov and Petrov
[3] suggested a regularization procedure drawing an analogy
By using well defined properties of group characters webetween gauge degrees of freedom and dynamical variables
have shown that the path integral over gauge degrees of freef the axial-symmetric top with moments of inertia and
dom of the Wilson loop which was used in Bg.13 of Ref. 1. The final expression for the path integral of the Wilson
[11] for a lattice evaluation of the average value of Wilsonloop has been obtained in the limit 1j—0.
loops can be derived in continuum space-time in non- In order to make the incorrectness of this expression more
Abelian gauge theories with the gauge grdap(N). The transparent we have evaluated the path integral for specific
resultant integrand of the path integral contains a phase fagrauge field configuration®) a pure gauge field an@) Z(2)
tor which is not projected onto Abelian degrees of freedomcenter vortices with spatial azimuthal symmetry. The direct
of non-Abelian gauge fields and differs substantially fromevaluation of path integrals representing Wilson loops for
the representation given in Rg¢B]. The important point of these gauge field configurations has given the value zero for
our representation is the summation over all states of thgoth cases. These results do not agree with the correct val-
given irreducible representatiorof SU(N). For example, in  ues.
SU(2) the phase factor is summed over all values of the One can show that Eq77) can be generalized for any
colourmagnetic quantum numban; of the irreducible rep- contour of a Wilson loop irS8U(2):

025019-19



M. FABER, A. N. IVANOV, N. I. TROITSKAYA, AND M. ZACH PHYSICAL REVIEW D 62 025019

ing of the path integral should have seemed dubious and

WyAC)= | TI DO(x) eiofct, AL ] suspicious.
xeC Finally, we have shown that within any path integral rep-
_ jaj " resentation for Wilson loops in terms of gauge degrees of
= lim E 51 (2j+1)W;(C)=0, freedom no non-Abelian Stokes theorem in addition to Eq.
n— 10 [ <] (129 can be derived. Indeed, the Stokes theorem replaces a
(131 line integral over a closed contour by a surface integral with

the closed contour as the boundary of a surface. However,

whereW;(C) in the RHS is defined by Eq9) in terms of ~ @pproximating the path integral by ardimensional integral

the path-ordering operatd?. . Further, the resul131) can ~ at n— there are no closed paths linking two adjacent
be extended to any irreducible representationSaj(2).  Points along Wilson loops. Thereby, the line integrals over
Thus, we argue that the path integral suggested in[Rgfo  these open paths cannot be replaced by surface integrals.
represent Wilson loops is identically zero for Wilson loops Thus, we argue that any non-Abelian Stokes theorem can be
independent on the gauge field configuration, the shape @ferived only within the definition of Wilson loops through
the contourC and the irreducible representation®t)(2).  the path ordering procedut&29). Of course, one can repre-

This statement we have supported by a direct evaluatiofent the surface-ordering operafyin Eq.(129) in terms of
of the evolution operataZr.{R,,R;) defined by Eq(14) of ~ @ path integral over gauge degrees of freedom, but this
Ref. [3], representing the assumption by Diakonov andshould_ not be a new non-Abellan Stokes theor_em in compari-
Petrov for Wilson loops in terms of the path integral overSOn with the old one given by Eq129. That is why the
gauge degrees of freedom. As we have shown in Sec. VI th@aims of Refs[3-5] concerning new versions of the non-
regularized evolution operatdre{R,,R,), evaluated cor- Abella_n Stokes t_heorems derived Wlt.hln_path integral repre-
rectly, is equal to zero. This agrees with our results obtainegentations for Wilson loops seem unjustified.
in Secs. IV and V. In Sec. VIl we have shown that the
removal of the oscillating factor from the evolution operator ACKNOWLEDGMENTS
suggested in Ref3] via a shift of energy levels of the axial- i , ) , )
symmetric top is prohibited. Such a shift of energy levels Discussions with Jan Thomassen are appreciated. This
leads to a change of the starting symmetry of the systeOrk wWas supported in part by Juhbilmsfonds of the Aus-
from SU(2) to U(2). By virtue of the oscillating factor the t1an National Bank Project No. 7232.

Wilson loop vanishes in the limit;,I, —0 in agreement
with our results in Secs. IV, V, and VI. APPENDIX: COEFFICIENTS a;(2)

We hope that the considerations in Secs. IV-VII are more In thi di luate th ffici £ th
than enough to persuade even the most distrustful reader that N this appendix we evajuate the coe icieaj¢z) o e
the path integral representation for the Wilson derived byexpansmn(Sl) apd show that the completeness condition
Diakonov and Petrov by means gffecial regularization and given by the sgneﬁsg) converges to unity.
understandingof the path integral over gauge degrees of It is convenient to rewrite Eq51) as follows
freedom is erroneous.

The use of an erroneous path integral representation for eZX1/2[t3U]:E a;(2) x;[t3U]

Wilson loops in Ref[7] has led to the conclusion that for j
large distances the average value of Wilson loops shows

— 3 3
area—law falloff for any irreducible representation of =a0(2) +ay(2) x1d U]+ a1(2) xa[t°U]
SU(N). Unfortunately, this result is not supported by nu- +ag(z) x3t2U]+a,(2) xo[t3U]
merical simulations of lattice QCIP8]. At large distances, .
color charges with non-zerbi-ality have string tensions of +as(z) x5 U]+ - - (A1)

the corresponding fundamental representation, whereas color

charges with zeriN-ality are screened by gluons and cannotFor the evaluation of the coefficientg(z), a,(2), a;(2),

form a string. Therefore, the result obtained in H&.can-  azx(z), a,(z) andas;,(z) we would make use the parametri-

not be considered as new check of confinement in lattice zation of the matriced) in terms of the Euler angles, B

calculationsas has been argued by the authors of REf. and y ranging over the regions®0a=2w, 0=8=x and
We would like to accentuate that the problem we haved=y=2m, respectively{19]. Then, the Haar measui2U

touched in this paper is not of marginal interest and a patmormalized to unity is defined byi9]

integral, if derived by means of an unjustified regularization

procedure, would hardly compute the same physical number 1

as the correct one. We argue that no regularization procedure DU=——singdpdady. (A2)

can lead to specific dynamical constraints. In fact, the regu- 87

larization procedure drawing the analogy with the axial- . )

symmetric top has led to the result supporting the hypothesi! the notation of Ref| 18] the characters are given by

of maximal Abelian projection pointed out by 't Hodft4].

Any proof of this to full extent dynamical hypothesis through

Jt3U]=—i cosésina+ 4
a regularization procedure and through speaificlerstand- XU

2 2
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xi[t?U]=— 2i coszgsin(m— ),

a+ a+
xadt3U]=— 12i cos°’§sm LS 7
B . aty
+2i COSESIHT

xo[t?U]=— 8i COégSin(cH— y) cof a+7y)

+ i (1+cosB) (1—2 cosB)sin(a+y),

X5/2[t3U]=—80ico§§<sm%—2 n’ﬂ“”
+Sin5¥> —i (15co§§—1200§§)
X 33ina;7—4 sirﬁg)— i (10c0§§
—-12 co§§+3 cos§> sina;L—y, o (A3)

The coefficientsag(z), ai(2), a1(2), as(z), a,(z) and
as(z) are defined by the integra(§3) and (54):

2 2
ao(z)=fDU e? xudt® U]—— da'f dyf dg

X sin B8 @1z cos (82) sin [(a+)/2]

ays2)=4 f DU U] et

i 27 27
= daf dyf dg

Y o108 (B12) sinl(a-+1)/2]

B . at
COS—SIn

Xsing > >

3
a(2)=5 f DU x,[t3U'] e? xudt*V]

3i 2@ 2@ T
=—f daf d'yf dBsingB
8m?Jo 0 0

—izcos (B/2) sin [(a+7y)/2]

X co§§sin(a+ Y |e

PHYSICAL REVIEW D 62 025019

4
azz)= gj DU y4f t3UT] e?x1dtV]

i 2m 2m
— daf dyj dBsinB
577

aty a+7
coS ——

X 600§’§sm

B . aty
—COSESIHT

e—i z cos (B/2) sin [(a+ vy)/2]

1
ax(2)= 5 | DU U] ettt

2m

2 T
dy
0 0

B 1672 da

X|8 co§§sin(a+ v) cog a+y)

—(1+cosB) (1—2cospB)sin(a+y)

% efi z cos (B/2) sin [(a+ y)/2]

12 s
a5(2) = %J DU ya [ t3U ] e2xudt™V]

2w 27
da d
7077' 4
B . a+7
X 8000§§ sin® 3 Y oY
caty B B
+5|rPT + 15co§§—1200§§)
a+t+ +
x| 3 sin 5|r?a L4
2
B B B
+ 1Oco§§—1200§§+30035
Laty| )
XS'”T e i z cos (B/2) Sln[(aJr‘y)/Z],
(A4)
The integration over angle variables gives
J1(2) J2(2)
ag(z)=2——, a1,2(2)=87, a,(z)=0,
16 J4(2)
az2)=¢ 5 5 ay(2)=0,
72 Jg(2)
asA(2)= 3/ 7 (A5)
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One can show that for an arbitrayythe coefficienta;(z) is
defined by

The numerical values ddiy(z), ai;(2), az(z) andas(z)
for the particular case=1 read
3(2j+1) Jzj+1(2)

j=1/2,3125/2. .., ap(1)=0.88, ayy(1)=0.92, as;,(1)=0.01,

aj(z)={ 1(G+1) z (A6) (A9)
0, ji=12,.... ag(1)=4%x1075,
This implies the following general formula: For the completeness conditi¢f9) we obtain atz=1
3
f DU Xj[ISUT] eZ xyt°V] , S .
ag(L)+ > Zj(j+1)af(1)
J2j+1(2) =123
(2j+1) 2122 j=1/2,3/2502. . .,
B ’ (A7) 1 5 35
0, j=12,.... =aj(1)+7alp(1)+ 7 a31) + a1+ - =0.774

The completeness conditiofb9) for arbitrary z takes the

form +0.212+1.25<10 “+5%X10 7+ ---

—0.986+ - - -. (A10)

WD) o RIFD5.42)

4 —
72 iSie J(J+1) 22

1. (A8) . ) .
Thus, this series converges slowly to unity.
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